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TWISTED SPIN COBORDISM
FABIAN HEBESTREIT AND MICHAEL JOACHIM
Abstract. We show how a suitably twisted Spin-cobordism spectrum con-
nects to the question of existence of metrics of positive scalar curvature on
closed, smooth manifolds by building on fundamental work of Gromov, Law-
son, Rosenberg, Stolz and others. We then investigate this parametrised spec-
trum, compute its mod 2-cohomology and generalise the Anderson-Brown-
Peterson splitting of the usual Spin-cobordism spectrum to the twisted case.
Along the way we also describe the mod 2-cohomology of various twisted,
connective covers of real K-theory. In an appendix we provide a complete
comparison of our geometric models of twisted Spin cobordism and twisted
K-theory with those arising from homotopy theory.
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1. Introduction
The problem of classifying manifolds admitting Riemannian metrics with special
features, e.g. certain kinds of symmetry or curvature, is one of the core interests
in differential geometry. The present work is motivated by this classification for
the case of metrics with positive scalar curvature. Of the three classical types of
curvature (sectional, Ricci-, and scalar curvature) the latter is the weakest. It is
given by averaging processes from the other two and thus the most robust against
manipulation of the metric and even the underlying manifold. The following the-
orem is arguably the most prominent example of this phenomenon and forms the
cornerstone of current work on the existence of positive scalar curvature metrics.
Theorem (Gromov-Lawson 1980). Let (M, g) be a smooth n-dimensional Rie-
mannian manifold of positive scalar curvature and ϕ : Sk × Dn−k −֒→ M an
embedding of a k-sphere with trivialised normal bundle. Then the manifold arising
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from M by surgery along ϕ again carries a positive scalar curvature metric as long
as n− k ≥ 3. Indeed, the metric g can be extended to a metric with positive scalar
curvature on the trace of the surgery.
Combined with the standard techniques of surgery and handlebody theory, this
result shows that in order to prove the existence of a metric of positive scalar cur-
vature on a given closed, smooth manifoldM one need only exhibit such a manifold
cobordant to M , provided one can bound the dimensions of the surgeries occur-
ing as one moves through the cobordism. Since manifolds up to certain types of
cobordism often are explicitly classified, conclusions about the desired geometric
classification can sometimes immediately be inferred.
The dimensions of the surgeries occuring in a cobordism can be controlled by requir-
ing reference maps to some background space. We recall this well-known technique
in section 2. We then go on and identify the relevant cobordism groups as either
twisted oriented or twisted Spin-cobordism, corresponding as to whether the uni-
versal cover of M carries a spin structure or not. Indeed, an interpretation of the
relevant cobordism groups is also contained in Stolz’ preprint [St 96], although he
uses a slightly different language. Our interpretation, however, allows one to use
the machinery of parametrised homotopy theory to analyse these cobordism groups.
We conclude the second section with a short discussion of various known results
and conjectures.
We then begin to specifically study twisted Spin-cobordism groups and the
parametrised spectrum underlying them. To this end, section 3 reviews the cate-
gory of parametrised spectra due to May and Sigurdsson. In this section we give
explicit models for the twisted spin cobordism spectrum, which we name MSpinK,
and for twisted, real K-theory, which we name KOK . Both are spectra over a
common base space K, which for us arises as the classifying space for the projec-
tive orthogonal group of some infinite dimensional Hilbert space. These models are
built in an operator-theoretic fashion. As a result the twisted version of the Atiyah-
Bott-Shapiro orientation we construct in section 4 has a straightforward operator
theoretic interpretation. A twisted orientation map as above already appeared in
[Jo 97] using the model for K-theory, which later was published in [Jo 01]. We
would like to emphasize that using recent machinery in stable homotopy also pro-
vides methods to realize the desired homtopy theoretic objects, however the relation
to the geometry in this context is less immediate.
In section 5 we finally begin the analysis of twisted Spin-cobordism. A slight
variation of the KO-valued Pontryagin classes of [AnBrPe 66] produces maps of
parametrised spectra θJ : MSpinK → KOK , that admit lifts pj to certain con-
nective covers of KOK . Using these we obtain the following generalisation of the
Anderson-Brown-Peterson splitting.
Theorem (5.2.4). For any choice of lifts pj : MSpinK → koK〈nJ 〉 there exist
maps xi :MSpinK −→ K × Σ
niHZ/2, such that the combined map
MSpinK −→
[∏
J
koK〈nJ 〉
]
×
[∏
i
K × ΣniHZ/2
]
is a 2-local equivalence and in particular induces an isomorphism of twisted homol-
ogy theories after localisation at 2.
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In section 6 we use this splitting to describe the mod 2 cohomology of MSpinK
and koK (the connective version ofKOK). Being parametrised spectra overK, their
mod 2 cohomology is a module over the extended Steenrod algebraA = H∗(K)⊗A,
a semidirect product of Hopf-Algebras. The algebra A may as usual be regarded
as the stable cohomology operations of ordinary mod 2 cohomology evaluated on
spectra parametrised by K. The main structural result here is that there is an
embedding ϕ : A(1) −֒→ A, different from the obvious one, that all modules in
question are induced along.
Theorem (6.2.4). Evaluation at the unique non-trivial class in lowest degree gives
isomorphisms
Aϕ ⊗A(1) Z/2 −→ H
∗(koK ,Z/2)
sh−2Aϕ ⊗A(1) A(1)/Sq
3 −→ H∗(koK〈2〉,Z/2)
where Aϕ denotes the twisted Steenrod algebra viewed as a right module over A(1)
via ϕ.
Corollary (6.3.1). The A-module H∗(MSpinK ,Z/2) is an extended A(1)-module.
The two theorems now provide powerful tools for calculating specific twisted
Spin-cobordism groups. Our eventual main objective, however, is to use them to
carry over Stolz’ program from [St 94] in the case of spin manifolds case and prove
Conjecture (4.3.2, Stolz 1995). If for a connected, closed, smooth n-manifold M
of dimension n ≥ 5, whose universal cover allows to have a spin structure, such
that
0 = αˆ(M) ∈ kon(Bπ1(M);u(M))
then M carries a metric of positive scalar curvature.
In particular our computations provide the very first steps in Stolz’ program. In
the formulation of the conjecture we used the fact that any connected, smooth n-
manifold M whose universal cover is equipped with a spin structure gives a class in
ΩSpinn (Bπ1(M);u(M)), where u(M) is a certain twist on Bπ1(M) explained in 4.3.
After briefly reviewing the proof this conjecture in the case of spin manifolds, we
in the final section go on to take a first look at what can immediately be concluded
in the general case from the homotopy theoretic results above.
1.1. Acknowledgements. We would first and foremost like to thank Stephan
Stolz for freely sharing his insights, great and small. Furthermore we want to
thank Irakli Patchkoria, Ulrich Pennig and Steffen Sagave for several helpful dis-
cussions about the contents of the second appendix. The first author would also
like to thank Daniel Kasprowski for the many, many fruitful discussions during
our time as graduate students. The first author was supported by a Postdoctoral
scholarship of the German Academic Exchange Service (DAAD) during his year at
the University of Notre Dame, where parts of this project were finished.
2. The relation of positive scalar curvature to cobordism
2.1. From surgery to cobordism. Given the surgery theorem of Gromov and
Lawson the next step is to investigate the class of manifolds from which a given
manifold M arises by surgeries in codimension ≥ 3. There is a well-known strategy
to do so using cobordism theory. LetB be some reference space that comes equipped
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with a stable vector bundle ξ. A ξ-structure on a manifold M is by definition a
choice of (stable) normal bundle ν of M , together with a homotopy class of maps
of stable bundles ν → ξ.
2.1.1. Theorem. Let M be a smooth, closed ξ-manifold of dimension ≥ 5, whose
underlying structure map M → B is a 2-equivalence. If the ξ-cobordism class of M
contains a manifold admitting a metric of positive scalar curvature, then also M
admits such a metric.
The result is well-known, and the content of the theorem is explicitly stated in
[RoSt 94, Bordism Theorem 3.3] as well as [Kr 99, Theorem 1]. In [RoSt 94] the
authors mention in the text that a proof ca be obtained by an adaptation of the
Rosenberg’s argument in [Ro 86, Proof of Theorem 2.2], which covers the spin case.
The argument presented in [Kr 99] however contains a mistake. Since to the best
of our knowledge no complete proof appears in the literature we provide one in one
of the appendices to this article, following the line of argument of [RoSt 94].
For a given manifoldM one might choose ξ as the normal bundle ofM . However,
in order to use computations of corresponding ξ-cobordism groups efficiently one
chooses the reference space in such a way that it picks up as little information
from the specific manifold M at hand as possible. A canonical choice arises from a
specific Moore-Postnikov factorisation of the classifying map for the normal bundle
of M
M → B → BO
where by definition the map M → B is a 2-equivalence and B → BO is a 2-
coequivalence (i.e. injective on π2 and an isomorphism on πn for n > 2). These
two properties in particular determine the fibre homotopy type of B → BO. The
space B is called the normal 1-type of M in [Kr 99]. Note that pulling back the
universal stable bundle over BO along the map B → BO, we obtain a stable bundle
ξ which by construction provides a ξ-structure on M which meets the assumptions
of Theorem 2.1.1.
By definition the normal 1-type depends on M . One typically distinguishes
two separate cases, namely the case where the universal cover of M admits a Spin-
structure and the case where the universal cover does not. Note that the conclusion
of Theorem 2.1.1 is independent of the choice of a specific ξ-structure on the man-
ifold: what is relevant is simply the existence of a corresponding ξ-structure. From
that point of view we will also distinguish between manifolds which admit spin
structures and manifolds which are equipped with a specific spin structure: we will
call a manifold spinnable in first case, and spin in the latter. If the universal cover
of M is spinnable we call M almost spinnable, and following standard terminology
we call a manifold totally non-spin if it is not almost spinnable.
The 1-types for the two cases, namely totally non-spin manifolds on the one
hand and almost spinnable manifolds on the other, were already considered by
Kreck in [Kr 99, Proposition 2], so we will be brief and just mention the results.
Note, however, that his description of them differs from ours.
Recall first that the first two Stiefel-Whitney classes of the stable normal bundle
of M are given by (w1(M), w2(M) + w1(M)
2). Given a connected manifold M
with fundamental group π there is a unique class u1 ∈ H
1(Bπ,Z/2) that pulls back
to w1(M) ∈ H
1(M,Z/2) under the map classifying of the universal cover of M .
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Representing w1 and u1 as maps into an Eilenberg-Mac Lane space equip M with
a map to the pullback in the following pullback diagram
B1

// BO
w1

Bπ u1
// K(Z/2, 1)
2.1.2. Proposition. In case M is totally non-spin the composition M → B1 → BO
is model for the 1-type of M .
In the case when M is almost spinnable the map M → B1 is not onto on π2.
However, in that case there is a unique class u2 ∈ H
2(Bπ,Z/2) pulling back to
w2(M) + w1(M)
2 ∈ H2(M,Z/2) under the canonical map M → Bπ. Similarly as
above we now can assume that M comes equipped with a map to the pullback of
the following modified pullback diagram
B2

// BO
(w1,w2)

Bπ
(u1,u2)
// K(Z/2, 1)×K(Z/2, 2)
and one obtains the following corresponding result.
2.1.3.Proposition. In caseM is almost spinnable the composition M → B2 → BO
is a model for the 1-type of M .
In either case we see that the normal 1-type of M just depends on the fun-
damental group π and a map u : Bπ → K, where K stands for K(Z/2, 1) or
K(Z/2, 1)×K(Z/2), respectively. To emphasize the dependence on these data we
from now on will write B(π, u) for the 1-type of M and denote the corresponding
cobordism groups by Ω
(π,u)
∗ . The following theorem is a special case of Theorem
2.1.1 which we will work with in the sequel.
2.1.4. Theorem. A smooth, closed, connected manifold M of dimension ≥ 5 with
1-type B(π, u) admits a metric of positive scalar curvature if and only if for some
choice of a (π, u)-structure on M , we can represent the corresponding cobordism
class [M ] ∈ Ω
(π,u)
∗ by some manifold admitting a positive scalar curvature metric.
This result specialises as it should in the two well-studied cases. When M is
orientable and totally non-spin we find Ω
(π,u)
∗
∼= ΩSO∗ (Bπ). In the case where M is
spinnable one gets Ω
(π,u)
∗
∼= Ω
Spin
∗ (Bπ).
2.2. Interpretation via twists. To investigate the bordism groups Ω
(π,u)
∗ we use
the set-up of parametrised homotopy theory. To make this explicit we first need to
introduce a bit of notation.
Let ξ be a vector bundle over a space X that comes equipped with a map
q : X → K. In particular the total space of ξ can naturally be regarded as a space
over K. Let MX(ξ) be its fibrewise one-point compactification. The space MX(ξ)
is a sphere bundle (over K) equipped with a projection to X as well as a section ‘at
infinity’ s : X →MX(ξ). The fibrewise Thom space over K is obtained fromMX(ξ)
by identifying two points s(x) and s(x′) in the infinity section, if q(x) = q(x′). We
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denote this fibrewise Thom space over K by MK(ξ); it can indeed be identified
with the pushout of the two maps s and q, and thus can canonically be given the
structure of a space over and under K:
X
s

q // K
s

MX(ξ)
q
// MK(ξ)
We shall usually identify K with the subspace s(K) in MK(ξ). It is also conve-
nient to think of the underlying set of MK(ξ) as the union of the Thom spaces
M(ξ|q−1(k)), where k runs over the points in K. Note that MK(ξ) = X ⊔K for ξ
the trivial zero-dimensional vector bundle over X .
The following is an easily verified generalisation of the property that M(ξ × ξ′)
andM(ξ)∧M(ξ′) are canonically homeomorphic for arbitrary vector bundles ξ and
ξ′.
2.2.1. Lemma. Given vector bundles ξ and ξ′ over spaces X and X ′ and a pull-back
diagram
B
p′

p // X
q

X ′
q′
// K
there is a canonical homeomorphism
M(p∗ξ ⊕ p′
∗
ξ′) ∼=
[
MK(ξ) ∧K MK(ξ
′)
]
/K
Here S ∧K T for two spaces S, T over K equipped with sections s and t respec-
tively denotes the fibrewise smash product, given by the following pushout
s(K)×K T ∪ S ×K t(K) //

S ×K T

K // S ∧K T
which again is a sectioned space over K.
Proof of Lemma 2.2.1. The isomorphism sends the point [K] ∈
[
MK(ξ
′)∧KMK(ξ
′)
]
/K
to the point at infinity in M(p∗ξ ⊕ p′
∗
ξ′), while the complement of the point [K],
which can be identified with ξ ×K ξ
′, is mapped canonically to p∗ξ ⊕ p′
∗
ξ′, which
is the complement of the point at infinity in M(p∗ξ ⊕ p′
∗
ξ′). 
We will now apply lemma 2.2.1 to a specific sequence of examples. Consider the
classical filtration of BO by subspaces BO(n) and the corresponding sequence of
homotopy pullbacks
· · · // B(π, u, n)
pn

// B(π, u, n+ 1)
pn+1

// · · · // B(π, u)
p

· · · // BO(n) // BO(n + 1) // · · · // BO
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Letting γn denote the universal vector bundle over BO(n), the sequence of spaces
M(p∗nγn) forms a spectrumM(π, u) and by the Pontryagin-Thom theorem we have
Ω
(π,u)
∗ = π∗M(π, u).
Using the homotopy pullback diagrams
B(π, u, n)

// BO(n)
w

Bπ u
// K
and lemma 2.2.1 we find the following corollary.
2.2.2. Corollary. The maps w and u induce homotopy equivalences
M(p∗nγn) ≃
[
(Bπ ⊔K) ∧K MKγn
]
/K
Note that all spaces MKγn come equipped with a reference map to K thus we
can regard them as spaces over K. In fact they form the parametrised spectrum
MKγ, which for the case of almost spin manifolds is equivalent to MSpinK from
the introduction, and we write (MSpinK)n for MKγn in that case. Just like an
ordinary spectrum yields a generalised homology theory, parametrised spectra rep-
resent generalised twisted homology theories as we shall review in the next chapter.
We will see that the term on the right hand side in corollary 2.2.2 can almost
by definition be identified with spin or oriented cobordism of Bπ twisted by u,
respectively.
2.3. Obstructions, conjectures and known results. In this section we put our
considerations into greater context (which is well-known to the experts). The aim
is to describe the connection of our work with a variant of the Gromov-Lawson-
Rosenberg conjecture, which we recall below. Let us first present yet another in-
terpretation of the cobordism groups considered above due to Stolz [St 96].
Stolz constructs Lie groups G(n, γ) associated to a natural number n and a
supergroup γ. A supergroup he defines to be a triple (G,w, c), where G is a group,
w : G → Z/2 is a group homomorphism and c ∈ G is a central element in the
kernel of w. Every vector bundle E determines a supergroup π(E) with G a certain
extension of the fundamental group π of the base space, and w the orientation
character composed with the projection of G onto π. Both c and the extension G
are related to the spinnability of the vector bundle E and the spinnability of its
pullback to the universal cover of the base. The case of interest here is the case
where E is the (stable) normal bundle of a manifold M , and for simplicity we write
π for the corresponding supergroup in the sequel. Following Stolz’ construction it
is not hard to see that the space B(π, u, n) introduced in section 2.2 is indeed a
classifying space of G(n, π). This gives a geometric interpretation of the cobordism
groups Ω
(π,u)
∗ as G(π)-manifolds modulo G(π)-cobordisms. We will not make use
of this identification outside this section, and therefore leave the verification to the
reader for now. Details will be contained in [HeJo].
While the cobordism techniques discussed so far give a powerful method for
proving existence of metrics with positive scalar curvature, there are also well-
known obstructions given by indices of Dirac-type operators. Given a spin manifold
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M of dimension n with fundamental group π these were coalesced into a single
invariant A(M) ∈ KOn(C
∗
r π) by Rosenberg in [Ro 83], and this invariant was
further generalised to an invariant A(M) ∈ KOn(C
∗
r π) for almost spin manifolds
by Stolz in [St 96] using the canonical G(π)-structure such a manifold carries; here
KOn denotes topological KO-homology and C
∗
rπ denotes the reduced group C
∗-
algebra of the group π, while C∗rπ is a certain generalisation of it for the supergroup
π from [St 96]. Improving upon a conjecture of Gromov and Lawson, Rosenberg
then made the following conjecture.
2.3.1. Conjecture (Gromov-Lawson-Rosenberg conjecture). A connected, closed,
almost spin manifold M of dimension n ≥ 5 supports a metric of positive scalar
curvature if and only if
0 = A(M) ∈ KOn(C
∗
r π)
While there are counterexamples to the more classical version for spin manifolds
(see [Sc 98]), it is an open problem for manifolds with finite fundamental groups
and indeed has been verified for many such cases. Rosenberg furthermore showed
that his index invariant in KOn(C
∗
rπ) depends only on the Spin-cobordism class
of M in ΩSpinn (Bπ) and factors as
ΩSpinn (Bπ)
α
−→ kon(Bπ)
per
−→ KOn(Bπ)
asbl
−→ KOn(C
∗
rπ)
where α denotes the Atiyah-Bott-Shapiro orientation, per the canonical periodisa-
tion map and asbl a certain assembly map. A similar decomposition using twisted
Spin-cobordism and KO-theory also works more generally for almost spinnable
manifolds, and a full discussion of the latter will be provided in [HeJo].
This decomposition of A together with conjecture 4.3.2, theorem 2.1.4 and the
following observation allows Rosenberg’s conjecture to be attacked by cobordism
theory:
2.3.2. Lemma. Let ξ : E → B be a stable vector bundle and a : Ωξn → G a
group homomorphism with n ≥ 5. Assume that every n-dimensional ξ-manifold in
the kernel of a, whose structure map to B is a 2-equivalence, admits a metric of
positive scalar curvature. Then an n-dimensional ξ-manifold M , whose structure
map is a 2-equivalence, admits a positive scalar curvature metric if and only if
a([M ]) = a([N ]) for some n-dimensional ξ-manifold N that does admit a positive
scalar curvature metric.
Proof. The difference [M ] − [N ] = [M ⊔ N ] goes to 0 under a and by surgery
we can, by the same procedure as in the proof of theorem 2.1.1 in appendix III,
produce a ξ-manifold L that is ξ-cobordant to M ⊔N and whose structure map is
a 2-equivalence. By assumption L then carries a positive scalar curvature metric
and since [M ] = [L ⊔N ], theorem 2.1.1 yields the claim. 
The positive results on the Gromov-Lawson-Rosenberg conjecture mentioned
above are mostly obtained by explicit comparison of kon(Bπ) withKOn(C
∗
r π) using
the untwisted version of 4.3.2, which was verified by Fu¨hring and Stolz ([Fu¨ 13,
St 94]). In addition to being useful on its own, one can thus view 4.3.2 as a way of
investigating conjecture 2.3.1 in the case of almost spin manifolds.
By comparison, for a totally non-spin manifold M Rosenberg tentatively predicted
the existence of a metric with positive scalar curvature in general, since there are no
Dirac-type operators associated withM . While this prediction also does not hold in
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general, the analogue of conjecture 4.3.2 in this case is known: If the fundamental
class of an oriented manifold M in Hn(Bπ) vanishes, then M admits a metric
of positive scalar curvature, compare [RoSt 01, Theorem 4.11]. A corresponding
statement also holds in caseM is non-orientable. In that case one needs to consider
the fundamental class in singular homology with local coefficients instead.
All in all, studying the existence of a positive scalar curvature metric for a given
manifold has been reduced to the study of a much smaller homology group than the
relevant bordism group, except for the case where the manifold at hand is almost
spin but does not carry a spin structure itself. This paper can be regarded as a
first step towards filling in this gap.
3. Twisted spin cobordism
In this chapter we will present the models for the twisted Spin-cobordism spec-
trum and the twisted KO-spectrum that we will use and analyse in the sequel.
First we will recall some basic facts on the parametrised stable homotopy category.
Here we use the set-up of May and Sigurdsson, established in [MaSi 06]. In par-
ticular, we will introduce the stable homotopy category over a base space K and
recall how spectra over a base space K give rise to twisted (co)homology theories.
Section 3.2 then contains some preliminaries needed for the definition of the desired
parametrised spectra in the following sections. In section 3.3 we finally introduce
our model for the parametrised spin spectrum and prove
Ω
(π,u)
∗
∼= ΩSpin∗ (Bπ;u)
in 3.3.7, where the right hand side denotes the spin cobordism groups of Bπ twisted
by u. It is this identification which drives the whole line of thought we present in this
paper. In section section 3.4 we present a similar spectrum representing twisted, real
K-theory, whose connective covers appear in our generalisation Anderson-Brown-
Peterson splitting. Throughout we will work within the category of compactly
generated spaces.
in 3.3.7, where the right hand side denotes the spin cobordism groups of Bπ twisted
by u. It is this identification which drives the whole line of thought we present
in this paper. In section 3.4 we present a similar spectrum representing twisted,
real K-theory, whose connective covers appear in our generalised Anderson-Brown-
Peterson splitting. Throughout we will work within the category of compactly
generated spaces.
We would like to point out that it will be crucial that the parametrised Spin-
cobordism spectrum will be a module over the unparametrised one. To achieve
this property within the set-up of May and Sigurdsson we indeed have to pro-
vide two models for the unparametrised MSpin-sectrum. One, which will be a
ring spectrum, and another one, which will be a module over the first one and
in addition comes equipped with an action of a group whose homotopy type is a
Z/2×K(Z/2, 1). In fact, the ring spectrum MSpin that we will introduce already
very naturally enjoys an action of a group with the above homotopy type which
does not commute but very nicely interacts with the ring structure. We will use this
action to produce a parametrised spectrum via a Borel-construction. The fact that
the ring spectrum presented in [Jo 04] cannot be used as a fibre in the parametrised
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rightaway is somewhat unsatisfactory. It can probably be resolved in an adapta-
tion of the May-Sigurdsson set-up. If the goal were to just obtain parametrised
spectra with the desired homotopy types one could also employ the techniques of
[AnBlGeHoRe 09] in an ∞-categorical set-up. It seems, however, that one looses
the close connection of our parametrised spectra to geometry and classical index
theory. For a discussion of the latter see [HeJo].
3.1. Parametrised spectra after May and Sigurdsson. In this section we
follow [MaSi 06] and review some of the basic set-up of parametrised spectra. We
essentially employ orthogonal spectra in their parametrised form as developed by
them, however, we shall use right instead of left S-modules since this fits better
with the usual conventions from bundle theory. The entire section is written with
a non-expert in mind and can probably safely be skipped by anyone with basic
knowledge of parametrised homotopy theory.
3.1.1. Definition. An ex-space over K is a space together with a map to K and a
section of that map which should be thought of a choice of basepoint in each fibre.
A map of ex-spaces X and Y is a map X → Y which preserves both fibres and their
basepoints. A parametrised orthogonal sequence over K is a sequence of ex-spaces
X over K together with a continuous left O(n)-action on Xn by ex-maps for each
n ∈ N. A map between to such objects is a sequence of equivariant ex-maps. The
pre-smash product of two orthogonal sequences X and Y is the sequence given by
(X ∧K Y )n =
n∨
i=0
O(n) ∧
O(p)×O(n−p)
Xp ∧K Yn−p
with action induced by the left operation on the left factor. There is also an external
pre-smash product ∧, which for ex-spaces X over K and X ′ over K ′ with sections
s and s′, respectively is given by the following pushout
X × s′(K ′) ∪ s(K)×X ′ //

X × Y

K ×K ′ // X ∧ Y
which describes an ex-space overK×K ′. The external smash product of orthogonal
sequences has as input two orthogonal sequences, one over K and one over K ′, and
the output is one over K × K ′. The two kinds of pre-smash products are related
by X ∧K Y = ∆
∗(X ∧Y ) where X,Y are sequences over K, ∆ is the diagonal map
of K and ∆∗ means the degreewise pullback.
As in the non-parametrised case we have the fundamental orthogonal sequence
SK given by (SK)n = K × (R
n)+ with the obvious structure maps which are given
by the projection to the left factor and section which maps a point in K to the
point at infinity in the fibre, while the O(n)-action is given through the action on
the right factor. It also comes with a canonical map SK ∧K SK → SK making it
a commutative monoid with respect to the symmetric monoidal structure given by
the pre-smash product.
3.1.2. Definition. A parametrised orthogonal spectrum over K is an orthogonal
sequence X over K together with a map X ∧K SK → X , that makes X into a right
SK-module. We denote the category of parametried spectra over K by SK .
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The pre-smash products lift to smash products ∧K : SK × SK → SK and
∧ : SK ×SK′ → SK×K′ by taking the coequaliser of the two SK-multiplications on
the pre-smash products of spectra over K. May and Sigurdsson then proceed to
put two model structures on the arising category of parametrised spectra, namely
the level - and the stable structure ([MaSi 06, Theorem 12.1.7 & Theorem 12.3.10]).
Except for the proof of proposition 3.3.6 only the weak equivalences of the stable
structure will matter. These are the maps X → Y that induce weak homotopy
equivalences of homotopy fibre spectra Xhk → Y
h
k for each point k ∈ K; here the
homotopy fibre spectrum Xhk is built from X by using as n-th space the homotopy
fibre over k of the structure map Xn → K. These spaces carry evident structure
maps making them orthogonal spectra.
Before we present the definition of the twisted (co)homology theories obtained
from a parametrised spectrum, one more comment is in order. When considering
smash products, function spectra and similar constructions they all have to be
interpreted in the derived sense. May and Sigurdsson indeed prove that all functors
occuring in the following formulae are Quillen functors and hence can be interpreted
in the derived sense with one exception: While the smash product has a right
adjoint FK on the point-set level given by taking fibrewise function spectra, its
derived functor is constructed directly as an adjoint to the derived functor of ∧K
via a Brown representability argument.
They put
E∗(X ; ζ) := π∗Θ
(
(X ⊔K) ∧K E
)
E∗(X ; ζ) := π−∗Γ
(
FK(X ⊔K,E)
)
obtaining a co- and a contravariant functor from the category Top/K of spaces
over K to the category of graded abelian groups GrAb. Here Θ : SK → S denotes
the degree wise collapse of the base-section, and Γ : SK → S denotes degreewise
sections of the structure maps. These functors are the left- and right-adjoint of the
functor S → S ×K, which degreewise takes the cartesian product with K, in other
words the pull back along K → ∗.
For the case K = ∗ this definition recovers the classical one for the (co)homology
theory associated to a spectrum and May and Sigurdsson show that the generalisa-
tion deserves the name twisted (co)homology by establishing generalisation of the
many well-known properties known for usual (co)homology, e.g. invariance under
weak equivalences over K, Mayer-Vietoris sequences, limit sequences for unions,
both a Serre-type and an Atiyah-Hirzebruch type spectral sequence, and more.
3.1.3. Remark. In [MaSi 06] multiplicative structures are not much investigated.
However, just as in the unparametrised case, given parametrised spectra E,F and
G over spaces K,K ′ and L and a map f : K × K ′ → L any map of spectra
g : E ∧ F → f∗G gives rise to an exterior product of (co)homology theories. If the
spectra all agree, f is an associative multiplication on K and g is fibre-homotopy
associative and maybe also fibre-homotopy-commutative, then we would obtain
multiplications with the same properties. We do not know how to produce such
multiplication maps on the parametrised spectra representing twisted KO-theory
or Spin-cobordism. This seems to be coming from a systematic problem of the
set-up given in [MaSi 06].
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3.2. Preliminaries. In this subsection we collect notations for and properties of
the objects that enter in the definitions of the models for twisted Spin-cobordism
and K-theory spectra to be introduced in sections 3.3 and 3.4.
Let L2(Rn) denote the Hilbert space of square integrable, real valued functions
on Rn, which we regard as a Z/2-graded Hilbert space by its splitting into even and
odd functions. Let Cln denote the Clifford algebra of R
n with v2 = 〈v, v〉, where v
is a vector in Rn and where the brackets on the right hand side denote the standard
scalar product. The algebra Cln can regarded as a quotient of the tensor algebra
on Rn and enherits a scalar product by declaring the norm of any pure tensor as
the product of the norms of its factors. We further denote Ln = L
2(Rn) ⊗ Cln.
Here as always in the following tensor products will be equipped with the standard
Koszul-signed symmetry isomorphism τ : X ⊗ Y → Y ⊗X , sending homogeneous
elements x, y to (−1)|x||y|y ⊗ x. In particular, we find canonical isomorphisms
Ln ⊗ Lm → Ln+m of graded Hilbert spaces.
We shall need to consider two types of orthogonal groups acting on Ln. Let on the
one side O(Ln) denote the group of continuous, linear, orthogonal automorphisms
of Ln, which are either even or odd, and let on the other On ⊂ O(Ln) be the
subgroup of right Cln-linear operators. We endow these groups with the compact-
open topology (and not the norm topology) to guarantee that the O(n)-action on Ln
induces a continuous O(n)-action on On and O(Ln) respectively. The components
of On and O(Ln) are all homeomorphic to products of specific orthogonal groups,
each factor being of the form O(H) for some (even) separable Hilbert space H
of infinite dimension. Hence by the counterpart of Kuiper’s theorem ([AtSe 04,
Proposition A2.1]) all components of On and O(Ln) are contractible.
Both groups, On as well as O(Ln) are in fact supergroups in the sense of Stolz.
Recall that a supergroup consists of a triple consisting of a topological group G,
a grading homomorphims π : G → Z/2, and a central element c, which is even
in the sense, that π(c) = 0, and with c2 = e. In the case at hand the grading
homomorphism is the composition | · | : On ⊆ O(Ln) → Z/2, and − id ∈ On ⊆
O(Ln) the distinguished central element.
The identifications Ln ⊗ Lm ∼= Ln+m induce concatenation operations
O(Ln)×̂O(Lm) −→ O(Ln+m)
which are maps of supergroups; here the left hand side denotes the product of
supergroups. For two supergroups G and H this product is given by
G×̂H = (G×H)/Z/2
where Z/2 acts on G ×H diagonally via the specified order 2 elements c and d of
G and H . The multiplication is then given by
[g, h] · [g′, h′] = [c|h||g
′|gg′, hh′] = [gg′, d|h||g
′|hh′]
In our case the concatenation operation is given by sending (U,U ′) to the operator
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which is given by the following composition
L2(Rn+m)⊗ Cln+m
∼= // L2(Rn)⊗ L2(Rm)⊗ Cln ⊗ Clm
id⊗τ⊗id

L2(Rn)⊗ Cln ⊗ L
2(Rm)⊗ Clm
U⊗̂U ′

L2(Rn)⊗ Cln ⊗ L
2(Rm)⊗ Clm
id⊗τ⊗id

L2(Rn)⊗ L2(Rm)⊗ Cln ⊗ Clm
∼= // L2(Rn+m)⊗ Cln+m
This composition introduces a plethora of signs. It is tedious but straight-forward
to check that it indeed descends to a pairing On×ˆOm → On+m.
Similarly the groups Pin(n) ⊆ Cln form supergroups using the grading homomor-
phism Pin(n) → Z/2 induced from the Clifford algebra, and −1 ∈ Pin(n) as the
distinguished central element. The direct sum operation induces an according pair-
ing Pin(n)×̂Pin(m)→ Pin(n+m).
Consider now the homomorphism j : Pin(n)→ On, given by
p 7−→
{
f ⊗ c 7−→ (−1)|p||f |f ◦ ρ(p)−1 ⊗ p · c
}
where ρ : Pin(n)→ O(n) is the usual surjection. The homomorphism j is in fact a
morphism of supergroups and thus descends to a grading preserving homomorphism
j : O(n) → POn. The grading on O(n), which by construction has to be the one
inherited from Pin(n) via ρ, coincides with the determinant homomorphism, while
POn stands for the projectivisation of On, i.e. the graded group POn which is
the quotient of On by the subgroup {± id} generated by the distinguished central
element. Note that − id ∈ O(n) is not mapped by j to − id ≡ id ∈ POn, whereas
Spin(n) and SO(n) are mapped into the even elements in On and POn respectively.
The map j is compatible with the concatenation operation on the On in the sense
that the following diagram commutes
Pin(n)×̂Pin(m)
j×j

[x,y] 7→x⊗y // Pin(n+m)
j

On×̂Om // On+m
There is a second important homomorphism we have to consider. Let i : O(n) →
Oev(Ln) be given by the functoriality of Clifford algebras
q 7−→
{
f ⊗ c 7−→ f ◦ q−1 ⊗ Clq(c)
}
While not quite Clifford linear the operator i(q) satisfies(
i(q)
)(
(g ⊗ c) · d
)
=
((
i(q)
)
(g ⊗ c)
)
· Clq(d)
so that conjugating a Clifford-linear operator with i(q) again yields a Clifford-linear
operator, an observation which will become important later. Note that − id ∈ O(n)
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again does not map to − id ∈ O(Ln)
ev under i. Obviously, the diagram
O(n)×O(m)
i×i

// O(n+m)
i

O(Ln)
ev ×O(Lm)
ev

// O(Ln+m)ev

O(Ln)×̂O(Lm) // O(Ln+m)
commutes as well.
We will frequently have to conjugate Clifford-linear operators T on Ln with elements
either of the form i(ρ(p)) or j(p) for p ∈ Pinn. Let us note straight away, that these
conjugations are the same: the two elements
i(ρ(p)) ◦ T ◦ i(ρ(p−1)) and (−1)|p||T |j(p) ◦ T ◦ j(p−1)
agree. The verification of this statement is a straight forward, tedious calculation
which requires a good book keeping of the signs involved. The main ingredient is
the simple fact that Clρ(p)(c) = (−1)
|c||p|pcp−1 for p, c ∈ Cln. The fact that the
two actions agree is implicit in [Jo 04, Lemma 6.1]. However, the leading sign in
the definition of the second conjugation action in [Jo 04] is given incorrectly.
As mentioned above, for constructing the desired parametrised spectra in the
following chapters we need to modify the spectra constructed in [Jo 04] slightly.
For this modification we need a second sequence of graded Hilbert spaces. Let
L′n denote ℓ
2 ⊗ Ln, where ℓ
2 is the space of square summable sequences, graded
by the decomposition into subspaces of functions with support on the even and
odd natural numbers respectively. In analogy to the above let O(ℓ2) and O(L′n)
denote the orthogonal operators on ℓ2 and L′n respectively, which are either even
or odd, and let O′n ⊆ O(L
′
n) be the subgroup of right Clifford linear operators.
There is an obvious inclusion O(Ln) → O(L
′
n) given by U 7→ idℓ2 ⊗̂U which in
fact is a homotopy equivalence. There also is an obvious concatenation operation
O(L′n)×̂O(Lm)→ O(L
′
n+m), which in particular makes the diagram
O(L′n)×̂O(Lm)

// O(L′n+m)
j

O(L′n)×̂O(Lm) // O(L
′
n+m)
commute. The inclusion as well as the commutative diagram restrict accord-
ingly to the subgroups of right Clifford linear operator. There are, however, no
canonical identifications L′n ⊗ L
′
m → L
′
n+m and thus no concatenation operators
O(L′n)×̂O(L
′
m)→ O(L
′
n+m). This will result in the fact that the modified versions
of the Spin and K-theory spectra will not be ring spectra. The redeeming feature
of O(L′n) however is, that the inclusion O(ℓ
2) → O′n ⊂ O(L
′
n) which sends U to
U ⊗ idLn creates a subgroup of O(L
′
n), which commutes with the image of On and
O(Ln), respectively. We will always view O(ℓ
2) and On as subgroups of O(L
′
n) in
this way. The fact that the two subgroups commute will be crucial in the definition
of the desired parametrised spectra below.
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3.3. A model for twisted Spin-cobordism. We use a slight variation of the
model for MSpin appearing in [Jo 04, Chapter 6] for defining its parametrised
counterpart. As already pointed out in the introduction to this chapter we in fact
will first introduce two models for the Spin-cobordism spectrum. One which we
equip with a ring structure, and another one where we trade the strict multiplication
for an action of the projective orthogonal group PO(ℓ2) by maps of orthogonal
spectra.
3.3.1. Construction. Recall from the previous section the definition of the homo-
morphism j : Spin(n) → Oevn . It is the inclusion of a subgroup. The topological
group Oevn is a component of On and hence contractible, as we know already from
the previous section. On the other hand the topology of Oevn is metrizable (e.g. see
[Ta 79, Proposition II.2.7]). Hence Oevn is completely regular, and it follows that
the quotient map Oevn −→ O
ev
n /Spin(n) has a local section und thus provides a
Spin(n)-prinicipal bundle (see [Br 72, II 5.8]). Therefore we can and indeed will
from now on use this projection as a model for the universal Spin(n)-principal
bundle
ESpin(n) := Oevn −→ O
ev
n /Spin(n) = POn/O(n) =: BSpin(n)
We then define the n-th space of the spectrum MSpin to be the Thom space of the
associated vector bundle. In detail we have
MSpinn = (O
ev
n )+ ∧Spin(n) S
n = (POn)+ ∧O(n) S
n
which is exactly as in [Jo 04, Definition 6.3]. The O(n) action on this space is given
by mapping q ∈ O(n) to the automorphism q· :MSpinn →MSpinn given by
[U, s] 7−→ [i(q) ◦ U ◦ i(q−1), q(s)]
There are two things to be checked here. At first one needs to verify that conjugation
with i(q) preserves Clifford linearity. This is handled by the comment made after
the introduction of i in the previous section. Secondly one needs to check that
the automorphism is well defined in the sense that the formula is compatible with
taking equivalences classes. To see this it is helpful to recall that the conjugation
by i(q) also can be expressed by the conjugation by j(p) for a choice of p with
ρ(p) = q. The description of the automorphism above then simplifies to
[U, s] 7−→ [j(p) ◦ U ◦ j(p−1), ρ(p)(s)] = [(j(p) ◦ U, s]
One may wonder why we defined the action using i instead of j in the first place. We
wanted to stay consistent with the definition introduced in [Jo 04], and in [Jo 04] a
description using the homomorphism i is mandatory due to the functoriality built
in in the notion of an orthogonal equivariant spectrum in the sense of [MaMa 02],
which was the foundational set-up used in [Jo 04].
The orthogonal sequence MSpin can be given the structure of a commutative
monoid using the multiplication maps
MSpinn ∧MSpinm →MSpinn+m
that are induced from the concatenation POn×POm → POn+m and the usual iden-
tification Sn∧Sm ∼= Sn+m. That this multiplication maps are well-defined immedi-
ately follows from the diagram showing that j is compatible with the concatenation
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operation on the On. The fact that the multiplication maps are O(n) × O(m)-
equivariant follows from the analogous diagram involving i. The various multi-
plication maps together give the orthogonal sequence MSpin the structure of a
commutative monoid in the category of orthogonal sequences. Furthermore, the
maps
Sn →MSpinn, s 7−→ [idLn , s]
which are obviously O(n)-equivariant, induce a map of monoids S→MSpin in the
category of orthogonal sequences which then gives MSpin the structure of an S-
module. Altogether these definitions turn MSpin into a commutative, orthogonal
ring spectrum.
We proceed to introduce the second version of the Spin cobordism spectrum,
denoted MSpin′, by mimicking the above construction using O′n instead of On,
i.e. we put
MSpin′n = (PO
′
n)+ ∧O(n) S
n
Through the inclusions On → O
′
n we obtain a map MSpin→ MSpin
′, which is a
weak equivalence in every degree. Furthermore the maps PO′n ×POm → PO
′
n+m,
provide multiplication maps
MSpin′n ∧MSpinm →MSpin
′
n+m
making MSpin′ a right MSpin-module spectrum. The inclusion PO(ℓ2) → PO′n
provides an action of PO(ℓ2) on each MSpinn by left multiplication on the PO
′
n
factor, i.e. with U ∈ O(ℓ2) and U ′ ∈ O′n the action above is explicitly given by
PO(ℓ2)× (PO′n)×O(n) S
n −→ (PO′n)×O(n) S
n
([U ], [U ′], v) 7−→
(
[U ⊗ idLn) ◦ U
′], v
)
This action commutes with all structure maps, since it commutes with the multi-
plication by elements in POn through which all the additional structure is defined.
As a result MSpin′ is a PO(ℓ2)-object in MSpin-module spectra.
We now want to employ the construction of [MaSi 06, section 22.1] to produce a
parametrised spectrum over a space whose homotopy type is the one of BPO(ℓ2).
Even though we will not endow the arising twisted spectra with multiplicative
structures we need to be careful with our choice for this space, for reasons that will
become clear in the sequel: we need it to be a topological monoid. To this end, we
have the following lemma.
3.3.2. Lemma. The homotopy type of BPO(ℓ2) is a product K of two Eilenberg-
MacLane spaces, one of type (Z/2, 1), the other of type (Z/2, 2). In fact, there are
two homotopy classes of such equivalences and under each the multiplication on
BPO(ℓ2) induced by any choice of isomorphism i : ℓ2 → ℓ2 ⊗ ℓ2 translates into the
map K ×K → K represented by
(ι1 × 1 + 1× ι1, 1× ι2 + ι2 × 1 + ι1 × ι1) ∈ H
1(K ×K,Z/2)×H2(K ×K,Z/2)
By the work of Milgram the space K and the multiplication can be chosen so
as to make it a topological monoid: One may use a bar construction to construct
explicitely construct K as a product of two Eilenberg-Mac Lane and equip it with
a multiplication given by the explicit models of addition and cup-products on bar
constructions. Another possibily is the Moore loop space of its classifying space,
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since the above H-space structure is well-known to refine to an E∞-structure (with
the given multiplication K is clearly equivalent to BO[2] with the Whitney-sum
structure).
The analogue of lemma 3.3.2 for the complex projective unitary group of a sep-
arable complex Hilbert space is proved for example in [AtSe 04, Proposition 2.3]
using slightly different language. We present a proof for the projective orthogonal
group PO(ℓ2) which fits well with the given context.
Proof. The morphism j : Pin(n)→ On of supergroups then induces a group homo-
morphism O(n) → POn →֒ PO(Ln), that we still will denote by j for now. Now
fix some isomorphism µ : ℓ2 ⊗ ℓ2 → ℓ2. It induces isomorphisms L′n ⊗L
′
m → L
′
n+m
by first reshuffling factors, which we also denote by µ. Then consider the following
commutative diagram of group homomorphisms
PO(ℓ2)× PO(ℓ2)
⊗ //
≃ (· ⊗idLn )×( · ⊗idLm )

PO(ℓ2 ⊗ ℓ2)
µ◦ · ◦µ−1 //
≃ · ⊗idLn ⊗ · ⊗ idLm

PO(ℓ2)
≃ · ⊗idLn+m

PO(L′n)× PO(L
′
m)
⊗ // PO(L′n ⊗ L
′
m)
µ◦ · ◦µ−1// PO(L′n+m)
PO(Ln)× PO(Lm)
⊗ //
≃ (idℓ2 ⊗ ·)×(idℓ2 ⊗ ·)
OO
PO(Ln ⊗ Lm)
∼= //
≃ idℓ2 ⊗ · ⊗ idℓ2 ⊗ ·
OO
PO(Ln+m)
≃ idℓ2 ⊗ ·
OO
O(n) ×O(m)
j×j
OO
⊕ // O(n+m)
j
OO
For n ≥ 3 the map Bj : BO(n) → BPOn induces isomorphisms on the first and
second homotopy groups. In particular we have equivalences
BO[2]← BO(n)[2]→ POn[2]→ POn → PO
′
n ← PO(ℓ
2)
that identify the H-space structure on PO(ℓ2), with the one on BO[2] induced from
direct sum of bundles. The claims of the proposition are well known for this space:
The first and second Stiefel-Whitney classes give an equivalence BO[2] → K and
the formula for the multiplication is exactly the Whitney sum formula.
The non-trivial self-homotopy equivalence on K is given by (a, b) 7−→ (a, b+ a2) as
one can immediately read off from the cohomology of K. It is readily checked that
this indeed is an H-space morphism under the given H-space structure. 
For our construction of a twisted Spin-cobordism spectrum, we need to choose
the following data: A topological monoidK as above and a universal PO(ℓ2)-bundle
EPO(ℓ2) overK. Since there are two isomorphism classes of such bundles (over the
identity), there are two possible conventions. We choose one as follows. Observe
that the spaces EPO′n := EPO(ℓ
2) ×PO(ℓ2) PO
′
n are weakly contractible, so that
they can serve as universal PO′n- and in particular O(n)-spaces using the homo-
morphism j : O(n)→ PO′n. Altogether we find that BO(n) := EPO
′
n/j(O(n)) is a
choice of classifying space for O(n) which admits a canonical map to K by further
quotienting. For this map there are two possibilities.
3.3.3. Lemma. The map BO(n)→ K either represents (w1, w2) or (w1, w2 + w
2
1)
and post-composing with the non-trivial self-homotopy equivalence of K (which is
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the same as choosing a universal bundle in the other equivalence class) interchanges
these.
Proof. Since POn/O(n) is a model for BSpin(n) it follows from the long exact
sequence of the fibration
POn/O(n)→ BO(n)→ K
that the induced map π∗(BO(n)) → π∗(K) is an isomorphism in degrees one and
two. Now the Hurewicz theorem applied to this (and the corresponding map of
universal covers) gives the first claim. The second follows immediately from the
explicit description of the non-trivial self-homotopy equivalence given in the proof
of 3.3.2. 
Since choices are unavoidable in the context of parametrised spectra and twisted
cohomology, we shall keep the monoidK, and a universal PO(ℓ2)-bundle, such that
the map above represents (w1, w2) fixed throughout the remainder of this paper.
3.3.4. Definition. The parametrised spectrum MSpinK given by
(MSpinK)n = EPO(ℓ
2)×PO(ℓ2) MSpin(n)
′
with structure maps and O(n)-actions induced from MSpin′ will be called the
twisted Spin-cobordism spectrum.
We define twisted Spin-cobordism to be the homology theory represented by
this spectrum. Note that the actions of MSpin and PO(ℓ2) on MSpin′ explained
in 3.3.1 commute and the concatenation maps PO′n × POm → PO
′
n+m therefore
provide a multiplication
MSpinK ∧MSpin −→MSpinK
making twisted Spin-cobordism into a module theory over (non-twisted) Spin-
cobordism.
3.3.5. Observation. The spaces (MSpinK)n are on the nose the fibrewise Thom
spaces along the map BO(n) → K of the universal bundles described above. In
particular, we have that Θ(MSpinK) is a model for MO.
Finally, in order to make the connection to the first part of this paper we need
the following technical proposition.
3.3.6. Proposition. Let ζ : X → K be a space over K, where X is a cell complex.
Then there is a canonical isomorphism
ΩSpinn (X ; ζ)
∼= πn(Θ(MSpinK ∧K (X ⊔K)))
The point of the proposition is that no cofibrant or fibrant resolution has to
take place in order to correctly calculate the twisted cobordism groups. Recalling
proposition 2.2.2 this is exactly what is needed to show the following.
3.3.7. Corollary. For B(π, u) the normal 1-type of an almost spinnable manifold,
we have
Ω
B(π,u)
∗
∼= ΩSpin∗ (Bπ;u).
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3.3.8. Remark. A similar (but far easier) construction can be used to show that
for the normal 1-type of a totally non-spinnable manifold we have
Ω
B(π,u)
∗
∼= ΩSO∗ (Bπ;u)
where the right hand side is twisted oriented cobordism. We will, however, not
pursue this line of investigation further, since the results we are ultimately trying
to show are well-known for totally non-spinnable manifolds.
Proof of proposition 3.3.6. We will freely use the language of [MaSi 06] in this
proof. We have to construct a zig-zag of weak equivalences between
Θ(MSpinK ∧K (X ⊔K))
and
Θc∆∗f(cMSpinK ∧ c(X ⊔K))
where c and f denote cofibrant and fibrant resolutions in the appropriate model
structures. The external smash product preserves homotopy equivalences between
well-sectioned spaces (by the same proof as [MaSi 06, Proposition 8.2.6]) and all
spaces in sight have the homotopy type of cell complexes (see the exposition in
[MaSi 06, Section 9.1] for the resolved objects). Therefore we have a homotopy
equivalence
cMSpinK ∧ c(X ⊔K)→MSpinK ∧ (X ⊔K)
Now consider the composition
f(cMSpinK ∧ c(X ⊔K))→ f(MSpinK ∧ (X ⊔K))→MSpinK ∧ (LX ⊔K)
where L is the Moore-mapping-path-space functor. The map on the right exists
since LX ⊔ K and (MSpinK)n are ex-fibrations, as is their smash product by
[MaSi 06, Proposition 8.2.3], and spectra consisting of ex-fibrations are level-fibrant.
As a right Quillen functor ∆∗ preserves weak equivalences between fibrant objects
and therefore
∆∗f(cMSpinK ∧ c(X ⊔K))→MSpinK ∧K (LX ⊔K)
is a weak equivalence. Now both sides are well-sectioned: For the right side this
follows by inspection and for the left it follows since cofibrant spaces are well-
sectioned by [MaSi 06, Theorem 6.2.6], and ∆∗ preserves the property of being
well-sectioned by [MaSi 06, Proposition 8.2.2]. Since Θ preserves weak equivalences
between well-sectioned ex-spaces we obtain a weak equivalence
Θc∆∗f(cMSpinK ∧ c(X ⊔K)→ Θ(MSpinK ∧K (LX ⊔K))
The right hand side here is the Thom-spectrum associated to the pullback of
BO(i)

LX // K
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Since the canonical map X → LX is a homotopy equivalence and the map BO(i)→
K a fibration, this pullback is homotopy equivalent to that of
BO(i)

X // K
which concludes the proof. 
3.3.9. Remark. Choosing an isomorphism µ : ℓ2 → ℓ2 ⊗ ℓ2 one obtains a map
PO(ℓ2)× PO(ℓ2)→ PO(ℓ2) and we can ask for a compatible bundle map
EPO(ℓ2)× EPO(ℓ2) //

EPO(ℓ2)

K ×K // K
covering the multiplication of K. Since EPO(ℓ2) → K is universal, the space
of these bundle maps were contractible if we left the multiplication map variable
(within its homotopy class) as well. However, fixing it there is more than a single
fibre homotopy class of such maps. While every one of them induces a multiplication
MSpinK ∧ MSpinK → MSpinK , none of them will be (homotopy-)associative.
They do, however, produce a single homotopy class of maps
Θ(MSpinK) ∧Θ(MSpinK)→ Θ(MSpinK)
making Θ(MSpinK) an orthogonal spectrum with a homotopy ring structure, which
is somewhat disappointing given that MO can easily be made into an honest or-
thogonal ring spectrum. We believe this to be defect of the set-up May-Sigurdsson
setup and hope to come back to this point in future work.
3.4. A model for twisted K-theory. We again use a slight variation of the
spectra appearing in [Jo 04, Chapter 6], introducing a version which trades the
nice multiplication for an action by PO(ℓ2).
3.4.1. Construction. Consider the spaces KOn = Hom(C0(R),K(Ln)), where
C0(R) denotes the algebra of real valued functions on the real line vanishing at
infinity, which we regard as a Z/2-graded C∗-algebra using its decomposition into
even and odd functions, and where K denotes the Z/2-graded C∗-algebra of right-
Clifford-linear compact operators, while Hom denotes the space of degree preserv-
ing C∗-homomorphisms, pointed by the null map. It is shown in [Jo 04], that these
spaces represent KO-theory. We shall turn this sequence into an orthogonal spec-
trum just as before: The orthogonal group acts on KOn by conjugation using the
same map i : O(n)→ Oevn , i.e. the action is explicitly given by
O(n) ×KOn −→ KOn (q, ϕ) 7−→
{
f 7−→ i(q) ◦ ϕ(f) ◦ i(q)−1
}
This again preserves the Clifford-linearity of the operator and the discussion after
the definition of the O(n)-action on MSpinn applies as well. Indeed it will be
important later that this action factors via j over the action of POn on KOn given
by the following formula
([U ], ϕ) 7→
{
f 7−→ (−1)|U||f |U ◦ ϕ(f) ◦ U−1
}
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The structure maps will arise via the unit of a commutative multiplication on
KO. These multiplications arise from the coproduct ∆ on C0(R) and the isomor-
phisms K(Ln) ⊗K(Lm) → K(Ln+m) and K(Ln) ⊗K(L
′
m) → K(L
′
n+m) induced
by the isomorphisms Ln ⊗Lm → Ln+m (compare [Jo 04, p. 94]); for the definition
of the coproduct on C0(R) e.g. see [Ha 98]. Explicitly the multiplication maps for
KO are given by the maps
Hom(C0(R),K(Ln)) ∧Hom(C0(R),K(Lm)) −→ Hom(C0(R),K(Ln+m))
which map (ϕ, ψ) to
C0(R)
∆ // C0(R)⊗ C0(R)
ϕ⊗ψ // K(Ln)⊗K(Lm)
⊗̂
∼=
// K(Ln+m)
where the final map induces a plethora of signs, just like the concatenation operation
on the On’s. Unwinding these definitions immediately gives that the product maps
are O(n)×O(m)-equivariant. The unit for the product onKO is given by extending
R
n → KOn, w 7→
{
f 7→ pn⊗̂f(w) · −
}
by zero, where pn denotes the projection operator of L
2(Rn) onto the (even!) sub-
space generated by the function v 7→ exp(−|v|2), and f(w) · − denotes left multi-
plication by f(w), while f(w) is given by functional calculus. Note that elements
u ∈ Rn of norm 1 are odd, unitary and satisfy u2 = 1. Hence they are all odd and
selfadjoint, and therefore the same applies to all vectors w ∈ Rn. In particular one
can apply functional calculus to all vectors w ∈ Rn. The unit is O(n)-equivariant
because Clq(f(w)) = f(q(w)) for all f ∈ C0(R), w ∈ R
n, q ∈ O(n) and the subspace
generated by the function v 7→ exp(−|v|2) is O(n)-invariant. Altogether one obtains
a commutative orthogonal ring spectrum KO.
Just as before we shall need a modified version of KO to produce twisted KO-
theory. To this end let KO′n = Hom(C0(R),K(L
′
n)) and let us mimick the con-
structions above to obtain an action KO′n ∧ KOm → KO
′
n+m, which turns KO
′
into an KO-module spectrum. We can also construct a map KO → KO′, but in
contrast to the situation for the Spin-spectra the map depends upon an arbitrary
choice of an (even) rank 1 projection operator p on ℓ2, that we fix once and for all.
It is explicitly given by sending a homomorphism ϕ ∈ Hom(C0(R),K(Ln)) to the
homomorphism
ϕ′ : C0(R)→ K(L
′
n), given by f 7−→ p⊗̂ϕ(f)
Note that the space of rank 1 operators is path-connected so the homotopy class
of this equivalence is uniquely determined; it is a weak equivalence, since the map
on compact operators K(H)→ K(H ′ ⊗H) given by tensoring an operator with a
rank 1 projection on H ′ is a homotopy equivalence of C∗-algebras, being homotopic
to the isomorphism arising from any identification H ∼= H ′ ⊗H , see e.g. [Me 00].
The spectrum KO′ carries an action by PO(ℓ2). It is induced by conjugating a
homomorphism ϕ : C0(R)→ KO
′
n with elements U ∈ O(ℓ
2), i.e. the action is given
explicitly by
f 7−→ (−1)|U||f |(U ⊗ idLn) ◦ ϕ(f) ◦ (U
−1 ⊗ idLn)
for which in particular the KO-action maps are equivariant and thus turn KO′ into
a PO(ℓ2)-object in KO-module spectra.
From this data we produce a twisted spectrum just as above.
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3.4.2. Definition. The spectrum KOK given by
(KOK)n = EPO(ℓ
2)×PO(ℓ2) KO
′
n
with structure maps and O(n)-actions induced form KO′ we call the twisted, real
K-theory spectrum.
As in the case of the twisted Spin-spectrum MSpinK , this spectrum KOK is a
module spectrum overKO and the spectrum Θ(KOK) inherits at least a homotopy
multiplication.
3.4.3. Remark. In the appendix of [AnGeGo 14] the authors claim to construct
an action of PO(ℓ2) on the model of the KO-spectrum from [Jo 01] through maps
of ring spectra avoiding the passage to a ’free rank one module’ as we do. Closer
inspection, however, shows that the given action does not leave the unit map in-
variant and thus does not commute with the structure maps of the spectrum. In
appendix II, on the way to our direct comparison between the homotopical defition
of twisted KO-theory and the geometric one above, we will explain how our models
fit in with their framework.
4. Fundamental classes and orientations
Having constructed the spectra relevant to our work we now turn to the funda-
mental map relating them, the twisted Atiyah-Bott-Shapiro orientation. We will
explain how this transformation of twisted homology theories gives rise to Thom
classes and fundamental classes for arbitrary bundles and manifolds, respectively,
in twisted KO-theory and its connective covers. We shall also discuss the addi-
tional choices one has to make to specify these classes. Most of the material of
this section can again be safely skipped by any reader familiar with twisted gener-
alised homology. Exceptions are the definition of the twisted Atiyah-Bott-Shapiro
orientation in 4.1 and the final statement 4.3.2, which is Stolz’ conjecture about
the existence of metrics of positive scalar curvature that we ended the introduction
with and which we now can finally state formally.
4.1. The twisted Atiyah-Bott-Shapiro orientation. Recall that Spin-bundles
have Thom classes in real K-theory by the work of Atiyah, Bott and Shapiro.
This gives rise to a (multiplicative) transformation of homology theories ΩSpin∗ →
KO∗, represented by some map of spectra MSpin → KO. In [Jo 04] the second
author constructed such a (ring-)map explicitly using the spectra described above
(implying in particular that this orientation is an E∞-map). We will modify his
construction slightly to obtain a mapMSpinK → KOK , which will provide us with
Thom classes in twisted K-theory.
4.1.1. Construction. The construction begins with the following observation from
the construction ofKO: The O(n) action onKOn factors through j : O(n)→ POn,
where the POn action on KOn is given by
POn ×KOn → KOn, (U,ϕ) 7→
{
f 7−→ (−1)|U||f |U ◦ ϕ(f) ◦ U−1
}
This allows us to set α to be the composite
MSpinn = POn+ ∧O(n) S
n
−→ POn+ ∧O(n) KOn
−→ POn+ ∧POn KOn
∼=
−→ KOn
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which is clearly O(n) invariant by the second description of the action on MSpinn.
We similarly have a map α′ : MSpin′ → KO′, depending on a rank 1 projector p
in ℓ2 (see 3.4.1)
MSpin′n = PO
′
n+ ∧O(n) S
n
−→ PO′n+ ∧O(n) KOn
−→ PO′n+ ∧O(n) KO
′
n
−→ PO′n+ ∧PO′n KO
′
n
∼=
−→ KO′n
These maps make the following diagram commute
MSpin
α //

KO

MSpin′
α′ // KO′
where both maps to KO′ come from the same choice of p. The crucial observation
is that α′ is also equivariant under the action of PO(ℓ2).
4.1.2. Theorem (Theorem 6.9 [Jo 04]). The map α : MSpin → KO induces the
KO-theory Thom classes for Spin-bundles of Atiyah, Bott and Shapiro. The same
is therefore true for the map α′ :MSpin′ → KO′.
4.1.3.Definition. We call the map αˆ : MSpinK → KOK induced by α
′ the twisted
Atiyah-Bott-Shapiro-orientation.
4.1.4. Remark. We remark that the existence of such a map can easily be deduced
along the lines of [AnBlGe 10]. By considering the fibre sequence Z/2×K(Z/2, 1)→
BSpin→ BO and studying the induced map of Thom spectra as we do in appendix
II one obtains a map K(Z/2, 1) × K(Z/2, 2) → BGl1(MSpin). The E∞ ring
map MSpin → KO induces BGl1(MSpin) → BGl1(KO). One obtains a map
MSpinK −→ KOK , if the homotopical definition of the parametrised spectra are
used. However, from this description it is not clear how to get at the geometric
content of the induced transformation, which is very relevant to our work. We show
both constructions to agree in appendix II.
Let us now explain how this map gives rise to Thom classes. Recall that by
proposition 3.3.3 we have MSpinK(n) identified with the fibrewise Thom space of
EO(n) → BO(n) along a fibration BO(n) → K representing the first and second
Stiefel-Whitney class. Given now an n-dimensional bundle V → B together with a
commutative diagram
V
p

// EO(n)

B
w(V ) ❄
❄❄
❄❄
❄❄
❄
// BO(n)
w
{{①①
①①
①①
①①
①
K
we obtain a canonical fibre homotopy class (DV, SV ) → (MSpinK(n),K) over K
representing a class
t ∈ ΩnSpin(V, V − 0; p
∗w(V ))
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and thus a class αˆ(t) ∈ KOn(V, V − 0; p∗w(V )).
Just as in the classical situation Thom classes are defined as those classes t ∈
En(DV, SV ; p∗w) pulling back to generators under the restriction maps
En(DV, SV ; p∗w)→ En(DV|b, SV|b;w(V )|b)
for all b ∈ B.
4.1.5. Proposition. The classes t and αˆ(t) are Thom-classes for V with respect to
the pairings
ΩSpin∗ (−;−)⊗ Ω
Spin
∗ (−)→ Ω
Spin
∗ (−;−), KO∗(−;−)⊗KO∗(−)→ KO∗(−;−)
coming from the module structures of twisted Spin-cobordism and KO-theory over
their untwisted versions, respectively.
Therefore, any bundle V
p
→ B together with a representing map B
w(V )
→ K of its
first and second Stiefel-Whitney class admits a Thom class in both twisted Spin-
cobordism and twisted KO-theory.
Proof. Since being a Thom-class is a pointwise condition the proposition follows
immediately from the standard construction of Thom-classes in bordism theories
(which the above reduces to in each fibre) and theorem 4.1.2. 
4.1.6. Remark. While Thom-classes in general are not canonical but depend on
the vertical homotopy class of a lifting (DV, SV ) → (MSpinK(n),K) over w(V ),
we do have a canonical Thom classes in ΩnSpin(MSpinK(n),K;w) for the universal
bundles in the present context: They are represented via identity maps.
The fact that there is a Thom-isomorphism attached to a Thom-class in twisted
homology and cohomology follows from the existence of a Serre spectral sequence
for twisted homology and cohomology [MaSi 06, 20.4.1] just as in the untwisted
case. In the terminology of loc. cit. X is the fibrewise one-point compactification
V + of V , J = w∗E, and one has to invest the composition of isomorphisms
(w(V )∗E)∗(V
+) ∼= E∗(w(V )!(V
+)) ∼= E∗(DV, SV ; p∗(w(V )))
where the first isomorphism is given by [MaSi 06, 20.2.6], and the second is just a
change of notation. In particular we find the following.
4.1.7. Proposition. There are isomorphisms
KOk+n(MSpinK(n),K;w) ∼= KO
k+n(EO(n), EO(n) − 0;w) ∼= KOk(BO(n))
given by excision and multiplication with the canonical Thom class just mentioned.
This is the twisted analogue of the classical K-theory Thom isomorphism
KOk+n(MSpin(n), ∗) = K˜O
k+n
(MSpin(n)) ∼= KOk(BSpin(n))
We shall see in the next section that this also works for connective K-theory, but
there are a few technical difficulties we have to address first.
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4.2. Twisted connective covers. What we need is a construction of connective
covers for orthogonal spectra such that all diagrams, which are supposed to com-
mute, do so on the nose and if a G-action on some spectrum E is continuous for a
topological group G, then so is the induced action on its n-connective cover E〈n〉.
Connective covers built using simplicial spaces as below satisfy these properties, as
we shall explain. Assuming all this we can immediately produce twisted connective
covers of MSpinK and KOK , respectively, using the spaces
(MSpinK〈n〉)m := EPO(ℓ
2)×PO(ℓ2) (MSpin〈n〉)m
(KOK〈n〉)m := EPO(ℓ
2)×PO(ℓ2) (KO〈n〉)m
From the functoriality we immediately obtain a lift of α′ : MSpin′ → KO′ to
MSpin′〈n〉 → KO′〈n〉 and preservation of continuous group action then produces
a map MSpinK〈n〉 → KOK〈n〉. In accordance with standard notation we set
koK := KOK〈0〉. However the map MSpinK〈0〉 → MSpinK is obviously a weak
equivalence and we shall suppress it in much of what follows. All in all we obtain
a transformation of twisted homology theories
αˆ : ΩSpin∗ (−;−) −→ ko∗(−;−)
Furthermore, we have pairings ko′ ∧KO〈n〉 → KO′〈n〉 and consequently
koK ∧KO〈n〉 −→ KOK〈n〉
up to homotopy as follows: We have a commutative diagram
(ko′ ∧KO〈n〉)〈n〉 //
≃

(KO′ ∧KO)〈n〉 //

KO′〈n〉

ko′ ∧KO〈n〉 // KO′ ∧KO // KO′
where the first line arises from the second by taking the n-connective covers. As
above we produce a map in the homotopy category
koK ∧KO〈n〉
≃
←− EPO(ℓ2)×PO(ℓ2) (ko
′ ∧KO〈n〉)〈n〉
−→ EPO(ℓ2)×PO(ℓ2) (KO
′ ∧KO)〈n〉
−→ KOK〈n〉
As in the non-parametrised case, the resulting pairing is homotopy associative,
but it also satifies all the other properties present in the non-parametrised case,
so that - as in the unparametrised case - we obtain a pairing of homology and
cohomology theories.
By inspection we find the following compatibility for Thom classes.
4.2.1. Proposition. The transformation αˆ : ΩSpin∗ (−;−)→ ko∗(−;−) maps Thom
classes to Thom classes for the above pairing.
Unraveling this we find that for a rank k vector bundle V as above, we have an
isomorphism
ko〈l〉n+l(V, V − 0; p∗w(V )) ∼= ko〈l〉n(B)
Finally, here we have the definition of the n-connective cover functor we use
above.
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4.2.2. Proposition. Realising the simplicial space
k 7→ X〈n〉k = {f : ∆
k → X | f
(
(∆k)n
)
= x}
associated to a pointed space (X, x) produces an n-connective cover of X with all
the stated properties.
Proof. All the assertions are more or less evident, except for maybe the fact that
|X〈n〉•| is indeed a connective cover. This is wellknown for the untopologised
version of the above construction (compare e.g. [Ma 67, Paragraph 8]) and can be
reduced to that by the following trick which we thank Michael Weiss for pointing
out to us:
The bisimplicial set
Zk,l = {f : ∆
k ×∆l → X | f
(
∆k × (∆l)n
)
= x}
in the one direction realises to |Zk,•| = |Sing•(C(∆
k, X))〈n〉|, where C(∆k, X)
denotes the space of continuous maps and 〈n〉 denotes the simplicial set construc-
tion of connective covers. The arising simplicial space admits the obvious levelwise
weak equivalence (by constant maps) from the constant simplicial space given by
|Sing•(X)〈n〉|. We conlude that |Z•,•| really is a connective cover of X .
Realising in the other direction first produces |Z•,l| = |Sing•(X〈n〉l)|, the singular-
isation of the l-space of the singular space in question. Therefore, we conclude that
|Z•,•| and |X〈n〉•| are weakly equivalent and a quick check of the maps involved
yields the proposition. 
4.3. Fundamental classes. Given a closed, connected smooth manifold with a
choices of maps
νM //

EO(k)

M
w(νM) !!❇
❇❇
❇❇
❇❇
❇
// BO(k)
w
{{①①
①①
①①
①①
K
for some normal bundle νM of some dimension k, we obtain a class [M ] ∈ ΩSpinn (M ;w(νM))
by the Pontryagin-Thom construction and either 3.3.6.
4.3.1. Observation. This class [M ] ∈ ΩSpinn (M ;w(νM)) would deserve the name
of fundamental class of M in twisted Spin-cobordism except for the fact that it
depends on the choice of classifying map for the normal bundle: Its push forward
generates ΩSpin∗ (M,M −x;w(νM)) freely as a module over Ω
Spin
∗ for every x ∈M ,
because firstly the inclusion
ΩSpin∗ (U,U − x;w(νM))→ Ω
Spin
∗ (M,M − x;w(νM))
induces an isomorphism by excision, secondly for U a ball around x, we find
ΩSpin∗ (U,U − x;w(νM))
∼= ΩSpin∗ (U,U − x)
induced by some nullhomotopy of w(νM)|U , thirdly all of this is compatible with the
ΩSpin∗ -module structure and finally [M ] corresponds to the image of a fundamental
class in ΩSpinn (U, ∂U).
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Proposition 3.3.6 even gives the geometric interpretation of twisted cobordism
groups: Cycles for ΩSpinn (X ; ζ) are given by commutative diagrams
EO(k)

νMoo

BO(k)
w
##❍
❍❍
❍❍
❍❍
❍❍
Moo

// X
ζ}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
K
Now, if the universal cover of M is spin, then we saw at the end of section 2.1, that
there is a diagram
M

c // Bπ1(M)
u(M)
zz✈✈
✈✈
✈✈
✈✈
✈
K
where c classifies the universal cover of M . Extending this diagram to a cycle for
(Bπ1(M), u(M)) we obtain a class
c∗(M) ∈ Ω
Spin
n (Bπ;uM )
We are now finally able to formulate the conjecture, that is the long term goal
of our project.
4.3.2. Conjecture (Stolz 1995). If for a connected, closed, smooth manifold M of
dimension n ≥ 5, whose universal cover is spin, we have
0 = αˆ(c∗(M)) ∈ kon(Bπ;u(M))
for some (and then every) choice of necessary auxiliary data, then M carries a
metric of positive scalar curvature.
5. The generalised Anderson-Brown-Peterson splitting
5.1. Twisted K-Theory Pontryagin classes. With the Thom classes in place,
we can give a generalisation of the Anderson-Brown-Peterson splitting. Note how-
ever, that while the focus of the original paper by Anderson, Brown and Peterson
[AnBrPe 67] lies on the calculation of the Spin-cobordism ring, their result also fa-
cilitated computations of other Spin-cobordism groups by reduction to calculations
inKO-theory. It is this second part that our result generalises to the case of twisted
cobordism groups. We begin by recalling the essentials from [AnBrPe 67]. They
define characteristic classes πk for vector bundles of rank n (which is suppressed in
the notation because of part (2) of the following proposition) with values in KO0,
such that the following properties hold.
5.1.1. Proposition. The following holds for vector bundles E and F :
(1) πk(E ⊕ F ) =
∑k
i=0 πi(E) ∪ πj(F )
(2) πk(E ⊕ R
m) = πk(E)
(3) πk(E) = 0, if 2k > rank(E) and E orientable
Proof. These properties are all stated right in or around [AnBrPe 67, Proposition
5.1]. 
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Because of 5.1.1(2) the πj for varying n induce a compatible system of classes in
KO0(BO(n)) when applied to the universal bundle. By the Milnor-sequence one
obtains classes πj ∈ KO
0(BO), since the lim1-term vanishes by application of the
real version of the Atiyah-Segal completion theorem and explicit computation of
the representation rings involved. For a finite sequence of natural numbers J denote
πJ =
∏
i πJi and n(J) =
∑
i Ji. Obviously, sequences that arise by rearrangement
give the same class. Anderson, Brown and Peterson then prove the following.
5.1.2. Theorem. The class πJ ∈ KO
0(BSO) lies in the image of the map
ko〈nJ〉
0(BSO)→ KO0(BSO)
where
nJ =
{
4n(J) n(J) even
4n(J)− 2 n(J) odd
The same statement thus also holds for the restrictions to BSpin. The in-
determinacy of such lifts is also determined in [AnBrPe 67], but we shall not
make use of that. Using the Thom classes for spin bundles along the pairing
ko∗(−) × ko〈nJ 〉
∗(−) → ko〈nJ〉
∗(−), that we generalised in the last section, we
find
[MSpin, ko〈nJ〉] −→ lim
n
ko〈nJ 〉
n(MSpin(n), ∗)
∼= lim
n
ko〈nJ 〉
0(BSpin(n), ∗)
←−ko〈nJ 〉
0(BSpin)
where the first map is a surjection by the Milnor-sequence. We thus obtain a trans-
formation ΩSpin∗ (−)→ ko〈nJ〉∗(−) for each J . We will use the obvious analogue of
the above calculation
[MSpinK , koK〈nJ〉] −→ lim
n
ko〈nJ 〉
n(MSpinK(n),K;w)
∼= lim
n
ko〈nJ 〉
0(BO(n))
←−ko〈nJ 〉
0(BO)
to analyse the twisted theory ΩSpin∗ (−;−). However, we do not know whether
theorem 5.1.2 also holds for BO instead of BSO or BSpin. Therefore, we have to
modify the πj ’s slightly.
5.1.3. Definition. Put πj(E) = πj(E ⊕ Λ
nE) for any vector bundle E of rank n.
By the second stated property of the πj ’s we have πj(E) = πj(E) for any
orientable bundle. With the same discussion as above we thus obtain classes
πj ∈ KO
0(BO) and by the comment just made these restrict to our original
πj ∈ KO
0(BSO). A lift of πJ in ko〈nJ 〉
0(BSO) thus determines a lift of πj in
ko〈nJ〉
0(BO) and a transformation ΩSpin∗ → ko〈nJ 〉∗.
5.1.4.Corollary. The class πJ ∈ KO
0(BO) lies in the image of the map ko〈nJ 〉
0(BO)→
KO0(BO), where nJ is as above.
Underlying this construction is of course the homotopy equivalence
BO → BSO ×K(Z/2, 1)
on finite steps (i.e. the BO(n)) corresponding to adding (in the first component)
and remembering (in the second) the top exterior power of a bundle.
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5.2. The Anderson-Brown-Peterson splitting and its twisted generalisa-
tion. The investigation of the Spin-cobordism ring in [AnBrPe 67] starts with the
following theorem.
5.2.1. Theorem. If θJ : MSpin −→ ko〈nJ 〉 corresponds to πJ under the Thom
isomorphism, then, as J runs through all non-decreasing sequences with J1 > 1, the
induced map ⊕
J H
∗(ko〈nJ 〉,Z/2) // H∗(MSpin,Z/2)
is injective with graded-free cokernel over A2.
Choosing a split over A2 of the arising short exact sequences and a homogeneous
basis of the cokernel we obtain maps zi : MSpin −→ sh
niHZ/2, where we denote
the shift of spectra by shi (so that (shiE)k = Ei+k).
5.2.2. Corollary. Given θJ and zi as above the induced map⊕
J H
∗(ko〈nJ 〉,Z/2)⊕
⊕
iH
∗(shniHZ/2,Z/2) // H∗(MSpin,Z/2)
is an isomorphism.
This makes the map into an equivalence after 2-completion. Since everything in
sight is of finite type we find:
5.2.3. Corollary (Anderson-Brown-Peterson-splitting). The transformation
ΩSpin∗ (−) −→
⊕
J
ko〈nJ〉∗(−)⊕
⊕
i
H∗−ni(−,Z/2)
given by a choice of θJ and zi as above, is an isomorphism after localisation at 2.
Given such a choice of zi we obtain (upon further choices) homotopy classes
MSpinK −→ K × sh
niHZ/2
as follows: Recall the functor Θ : SK → S, that collapses the base section and that
Θ(MSpinK) = MO. One then is tempted to proceed as follows: It is well known
that the canonical map
H∗(MO,Z/2) −→ H∗(MSpin,Z/2)
is a surjection, so pick representatives zˆi : MO → sh
niHZ/2 of inverse images of
the zi. Now Θ is left adjoint to − ×K (also on the homotopy category), whence
these should correspond to maps MSpinK → sh
niHZ/2×K as claimed. However,
we do not know whether our spectrum MSpinK is cofibrant, i.e. it is not clear that
Θ(MSpinK) ∼= MO in the homotopy category. To verify that this is nevertheless
the case we need to peek into the internal workings of the model structures on
parametrised spectra once more. We can cofibrantly resolve MSpinK in the level
model structure, since it shares cofibrations with the stable structure and has a
stronger notion of weak equivalence. However, as we observed in the proof of 3.3.6
the base sections in our spectrum MSpinK are cofibrations and so we certainly
obtain a levelwise homology equivalence after applying Θ to the chosen resolution,
and hence a weak equivalence.
Note that the parametrised spectrum K × HZ/2 represents the parametrised
homology theory obtained by ignoring the twist and taking singular homology of
the total space.
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5.2.4. Corollary. If θJ : MSpinK −→ koK〈nJ 〉 corresponds to a lift of πJ ∈
KO0(BO) in ko〈nj〉
0(BO) and zˆi : MSpinK → K × sh
niHZ/2 corresponds to a
class ∈ Hni(MO,Z/2) that restricts to zi ∈ H
ni(MSpin,Z/2), then the induced
map
ΩSpin∗ (−;−) −→
⊕
J
ko〈nJ 〉∗(−;−)⊕
⊕
i
H∗+ni(−,Z/2)
is an isomorphism of twisted homology theories after localising at 2.
Proof. To have an isomorphism in parametrised homology theory corresponds to
having a weak equivalence of parametrised spectra. To check this it suffices to
verify, that the statement holds for each point k ∈ K and as before, for every point
the claim reduces to the classical Anderson-Brown-Peterson splitting, albeit in a
non-canonical way. 
6. The cohomology of twisted Spin-cobordism
6.1. The twisted Steenrod algebra. Using our generalisation of the Ander-
son-Brown-Peterson splitting we shall now set out to compute the Z/2-cohomology
of the twisted Spin-cobordism spectrum as a module over the twisted Steenrod
algebra, which we denote by A2. Before doing so we shall therefore describe A2.
We shall from now on suppress the coefficients Z/2 and the related subscript 2 at
the Steenrod algebra from our notation.
6.1.1. Definition. The graded algebra A is defined to be the family of natural
transformations H∗(−)→ H∗(−) commuting with the connecting transformation,
where H∗ is regarded as a functor Top2K → Ab.
As in the untwisted setting A is an algebra under composition and carries
a canonical coproduct coming from the multiplicativity of H∗, making it a co-
commutative Hopf algebra. Representability easily yields:
6.1.2. Proposition. The inclusions H∗(K) → A (acting via multiplication) and
A → A induce an isomorphism
H∗(K)⊗A ∼= A
of vector spaces and coalgebras, but not of algebras.
Proof. What we have to compute is limnH
∗+n(K × K(Z/2, n),K × ∗), which by
the Ku¨nneth-formula is isomorphic to H∗(K) ⊗ A, and since the multiplication
of K × HZ/2 is componentwise, this is an isomorphism of coalgebras. The final
statement follows from the next proposition. 
The multiplication, however, is also easily described in terms of the isomorphism
above.
6.1.3. Proposition. For k, l ∈ H∗(K) and a, b ∈ A, with ∆(a) =
∑
i a
′
i ⊗ a
′′
i we
have
(k ⊗ a) · (l ⊗ b) =
∑
i
k ∪ a′i(l)⊗ a
′′
i ◦ b
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Proof. Given a pair (X,A) with twist ζ, we find for every x ∈ H∗(X,A, ζ)
(k ⊗ a) ((l ⊗ b)x)) = (k ⊗ a)(ζ∗l ∪ b(x))
= ζ∗k ∪ a(ζ∗l ∪ b(x))
=
∑
i
ζ∗k ∪ a′i(ζ
∗l) ∪ a′′i (b(x))
=
∑
i
ζ∗(k ∪ a′i(l)) ∪ (a
′′
i ◦ b)(x)
=
∑
i
(k ∪ a′i(l)⊗ a
′′
i ◦ b)x

6.1.4. Remark. From these formulas we see that A is precisely the semidirect
product of A with H∗(K) and the obvious action of A on H∗(K). As usual we
conclude that the inclusions H∗(K) →֒ A and A →֒ A are Hopf algebra maps,
whereas of the projection maps A → A (killing H+(K) ⊗ A) and A → H∗(K)
(killing H∗(K)⊗A+) only the first is multiplicative, while both are comultiplicative
(since both A and H∗(K) are cocommutative).
To describe our results for H∗(MSpinK) we will construct a nontrivial auto-
morphism of a subalgebra of A(1), that emulates the changes under Thom isomor-
phisms: To this end let A(1) denote the subalgebra of A generated by Sq1 and Sq2,
which indeed is a sub-Hopf-algebra. Similarly, let A(1) denote the subalgebra of A
generated by A(1) and H∗(K); it is also readily checked to be a sub-Hopf-algebra
of A. Now note that given the spectrum MSpinK, we can apply the Thom isomor-
phism H∗(MSpinK) = H
∗(MO) ∼= H∗(BO). It transforms the H∗(K)-action on
H∗(MSpinK) into the one on H
∗(BO) coming from the map BO → K given by
the first and second Stiefel-Whitney class by our convention from right after lemma
3.3.3. The module structure over the Steenrod algebra, however, changes, but the
change in the action over A(1) can be described by an automorphism ψ of A(1). It
is determined by
ψ(1⊗ Sq1) = 1⊗ Sq1 + ι1 ⊗ 1
ψ(1⊗ Sq2) = 1⊗ Sq2 + ι1 ⊗ Sq
1 + ι2 ⊗ 1
ψ(k ⊗ 1) = k ⊗ 1
and we have H∗(MSpinK) ∼= ψH
∗(BO), where the lower case ψ denotes pulling
back the module structure. For technical reasons it turns out to be more convenient
to work with the inverse of ψ for a while, which we denote by ϕ. We also denote
by ϕ its composition with the inclusion A(1)→ A(1). This is given by
ϕ(Sq1) = 1⊗ Sq1 + ι1 ⊗ 1
ϕ(Sq2) = 1⊗ Sq2 + ι1 ⊗ Sq
1 + ι21 ⊗ 1 + ι2 ⊗ 1
The verification that indeed ϕ ◦ ψ = id is a little calculation and will be left to the
reader.
6.1.5. Lemma. The above stipulation indeed defines a unique homomorphism ϕ :
A(1)→ A(1) of algebras. It is a morphism of Hopf algebras.
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Proof. This is just a lengthy computation, since we know that a presentation for
A(1) is given by (Sq1)2 = 0, Sq1Sq2Sq1 = (Sq2)2. We have deferred it to Appendix
B. 
6.1.6. Lemma. Extending ϕ by the identity on H∗(K) produces a Hopf algebra
automorphism of A(1).
Proof. To make the extension well-defined, there is again a relation to be checked
and we do this in Appendix B. The extension is an isomorphism, since it is for
example H∗(K)-linear and induces the identity on H∗(K)-indecomposables. 
6.2. The cohomology of koK . We begin with a few simple observations. By the
adjointness of Θ and K ×− we find
H∗(E) = H∗(ΘcE)
where the left hand side denotes the twisted cohomology theory represented by
K × HZ/2 and the right hand side the untwisted one represented by HZ/2 (and
c is cofibrant resolution). Since we may as well replace all spectra occuring in the
following by their cofibrant replacements, we shall suppress it from notation.
6.2.1. Lemma. The spectrum Θ(koK) is connective with zeroth homotopy group
isomorphic to Z/2. The corresponding Postnikov section yields a homotopy class
of maps of parametrised spectra
koK −→ K ×HZ/2
This map induces a surjection A −→ H∗(koK) upon passage to cohomology. Fur-
thermore, the Poincare´ series of H∗(koK) equals the product of that of H
∗(ko) and
that of H∗(K).
Proof. The statement about the homotopy groups of Θ(koK) follows from the fact
that the Atiyah-Bott-Shapiro orientation MSpin → ko is an 8-equivalence inte-
grally (and not just 2-locally). By the long exact sequences of the obvious fibration
the same holds true for the twisted Atiyah-Bott-Shapiro orientation and thus for
the induced map MO = Θ(MSpinK) → Θ(koK), where the homotopy groups of
the left side are well known.
The second statements follow from the Serre spectral sequences: Stong’s calcula-
tions of H∗(BO〈k〉) (compare [St 68, Chapter XI, Proposition 6]) show that the
map A → H∗(ko) induced by ‘the’ zeroth Postnikov section of ko is a surjection
with kernel generated by Sq1 and Sq2. The transformation of spectral sequences
induced by the Postnikov section koK −→ K ×HZ/2 therefore also is a surjection
on the second pages; this is clear once we know that the coefficient system in the
spectral sequence for koK is constant, which we show below. Since the domain spec-
tral sequence (that of H∗(K ×H)) collapses, this implies that we have a surjection
on the limit pages and thus a surjection on the abutment, i.e. A → H∗(koK).
Furthermore, the comparison of spectral sequences of koK and MSpinK shows the
final part, since the latter spectral sequence also collapses by the following argu-
ment: The Poincare´ series of H∗(MSpinK) = H
∗(MO) is the same as that of the
product of H∗(MSpin) with H∗(K), whose tensor product make up the second
page of the spectral sequence. Since nontrivial differentials would strictly decrease
the Poincare´ series, the spectral sequence for MSpinK has to collapse and conse-
quently that for koK , since it is a summand in that of MSpinK. It follows that the
Poincare´ series of H∗(koK) equals that of the second page of its spectral sequence
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and the proposition follows.
Finally, let us prove that the coefficients in the spectral sequence for MSpinK
(which in particular implies the same for koK) are indeed constant. To this end
observe that we have a group homomorphism Z/2→ PO(ℓ2) that splits the grad-
ing map PO(ℓ2)→ Z/2 (one such is given by letting the nontrivial element in Z/2
act by swapping the obvious base elements δ2n and δ2n+1). Call the image of the
nontrivial element g. Such a split induces an isomorphism on path components and
thus an isomorphism on π1 after taking classifying spaces. Considering the arising
diagram
MSpin′(n) //

MSpin′(n)

EZ/2×Z/2 MSpin
′(n) //

EPO(ℓ2)×PO(ℓ2) MSpin
′(n)

BZ/2 // BPO(ℓ2)
we find that the action of the nontrivial element in π1(BPO(ℓ
2)) on the cohomol-
ogy of the fibre is induced by the action of the g on MSpin′(n). By the Thom
isomorphism we therefore need to study the action of g on BSpin′(n) and this is
given by left multiplication of g on
BSpin′(n) = O′+n /Spin(n) = PO(ℓ
2)′n/O(n)
This action is covered by a bundle isomorphism of the universal O(n)-bundle over
BSpin′(n), which will yield the claim since its Stiefel-Whitney classes generate the
mod 2 cohomology ring of BSpin′(n). The universal principal O(n)-bundle is given
by
O′+n ×Spin(n) O(n)

∼= // O′n ×Pin(n) O(n)
BSpin′(n)
and the isomorphism covering the left multiplication by g is again just given by left
multiplication with g using the right hand side description of the total space. Note
that this does not work for the universal SO(n) or Spin(n) bundles since Pin(n)
does not act on these. The coefficient system is indeed non-trivial using integral
coefficients (since Pontryagin classes are sensitive to orientations). 
In particular, we find H0(koK) ∼= Z/2. Let us denotes by κ the unique non-zero
class in that group. Using the splitting of MSpinK once more we find:
6.2.2. Lemma. We have ϕ(Sq1)κ = 0 and ϕ(Sq2)κ = 0.
Proof. This seems difficult to do directly as we know of no way to track Steenrod
operations through the Serre spectral sequence. However, since the Atiyah-Bott-
Shapiro orientation is injective, we can check ϕ(Sq1,2)u = 0 in H∗(MSpinK) =
H∗(MO), where the computation reads
ϕ(Sq1)u = Sq1(u) + ι1u = w1u+ w1u = 0
ϕ(Sq2)u = Sq2(u) + ι1Sq
1(u) + ι21u+ ι2u = w2u+ w
2
1u+ w
2
1u+ w2u = 0
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
6.2.3. Theorem. There is a unique non-trivial class κ8n ∈ H
8n(koK〈8n〉) and the
map sh−8nA → H∗(koK〈8n〉) given by evaluation on κ8n induces an isomorphism
sh−8nAϕ ⊗A(1) Z/2→ H
∗(koK〈8n〉)
of left A-modules.
Proof. Bott periodicity immediately reduces the claim to the case n = 0. By the
above lemma the map indeed factors through A/ϕ(Sq1,2) and it is surjective by
the proposition above that. We will thus be done once we have computed the
Poincare´ series of both sides. For the right hand side this was also done in the
lemma above, and for the left hand side all that remains to be noted is that the
Poincare´-series of Aϕ⊗A(1)Z/2 agrees with that of A⊗A(1)Z/2 by two applications
of [MiMo 65, Proposition 1.7] and that the latter is indeed the tensor product of
H∗(K) and A⊗A(1) Z/2 at least as a Z/2 vector space. At this point we are done
since H∗(ko) ∼= A⊗A(1) Z/2 by Stong’s calculation.

By similar arguments we can also deal with koK〈2〉.
6.2.4. Theorem. There is a unique non-trivial class κ8n+2 ∈ H
8n+2(koK〈8n+2〉)
and the map sh−(8n+2)A → H∗(koK〈8n+2〉) given by evaluation on κ8n+2 induces
an isomorphism
sh−(8n+2)Aϕ ⊗A(1) A(1)/Sq
3 → H∗(koK〈8n+ 2〉)
of left A-modules.
Proof. By Bott periodicity it suffices again to consider a single value of n, which
we choose to be 1, since koK〈10〉 is a summand of MSpinK . In particular, the
Serre spectral sequence of koK〈10〉 has constant coefficients (as observed in the
proof of 6.2.1), giving us the element κ10. The computation of the Poincare´ series
is also basically the same as in the previous argument, however, ϕ(Sq3)κ10 = 0
does not follow directly, since we do not know the image of κ10 in H
10(MSpinK)
under a lift of θ3 :MSpinK → koK〈10〉. To proceed we shall decompose θ3 into its
components:
MSpinK
∆
−→ BO+ ∧MSpinK
π˜3∧αˆ−→ ko〈10〉0 ∧ koK
µ
−→ koK〈10〉
where π˜3 ∈ ko〈10〉
0(BO) corresponds to θ3 under the Thom isomorphism. Be-
cause µ∗κ10 clearly equals λ10 × κ, where λ10 refers to the fundamental class in
H10(ko〈10〉0) (which makes sense since ko〈10〉0 can be chosen 9-connected with
TWISTED SPIN COBORDISM 35
10th homotopy group isomorphic to Z/2), the following calculation gives the claim.
ϕ(Sq3)(λ10 × κ) = ϕ(Sq
1)ϕ(Sq2)(λ10 × κ)
= ϕ(Sq1)
(
(1⊗ Sq2)(λ10 × κ) + (ι1 ⊗ Sq
1)(λ10 × κ)
+ (ι21 ⊗ 1)(λ10 × κ) + (ι2 ⊗ 1)(λ10 × κ)
)
= ϕ(Sq1)
([
Sq2(λ10)× ι+ Sq
1(λ10)× Sq
1(κ)︸ ︷︷ ︸
=✭✭✭
✭✭Sq1(λ10)×ι1κ
+λ10 × Sq
2(κ)︸ ︷︷ ︸
=✘✘
✘λ10×ι2κ
]
+
[
✭✭
✭✭
✭✭✭Sq1(λ10)× ι1κ + λ10 × ι1Sq
1(κ)︸ ︷︷ ︸
✘✘
✘λ10×ι
2
1κ
]
+✘✘
✘✘λ10 × ι
2
1κ +✘✘
✘✘λ10 × ι2κ
)
= (1⊗ Sq1)(Sq2(λ10)× κ) + (ι1 ⊗ 1)(Sq
2(λ10)× κ)
=
[
Sq1Sq2(λ10)× κ︸ ︷︷ ︸
=0
+Sq2(λ10)× Sq
1(κ)︸ ︷︷ ︸
=Sq2(λ10)×ι1κ
]
+ Sq2(λ10)× ι1κ
= 0
where Sq1Sq2(λ10) = 0 by Stong’s calculations of H
∗(BO〈n〉). 
With these results it seems natural to guess the following.
6.2.5. Conjecture. Generalising Stong’s computation of H∗(ko〈n〉) we find
sh−(8n+1)A/ϕ(Sq2)
∼=
−→ H∗(koK〈8n+ 1〉)
sh−(8n+4)A/ϕ(Sq1,5)
∼=
−→ H∗(koK〈8n+ 4〉)
as A-modules.
However, the arguments used above break down. Another approach would be
to use the fact that ko〈n〉 ≃ Xn ∧ ko for some small space Xn and extend the map
Xn → ko〈n〉 to an equivalence koK〈n〉 ≃ Xn ∧ koK using the ko-module structure
on koK〈n〉. We have not investigated the details of this though.
6.3. The cohomology of MSpinK. Our generalised Anderson-Brown-Peterson
splitting allows us to compute the cohomology of MSpinK as a module over the
twisted Steenrod algebra. The isomorphism, however, we cannot uniquely specify
just as Anderson, Brown and Peterson could not determine theirs due to the non-
uniqueness of lifts in theorem 5.1.2.
6.3.1. Corollary. Any choice of splitting from 5.2.3 determines an isomorphism
H∗(MSpinK) ∼=
⊕
J,n(J)
even
sh−nJA/ϕ(Sq1,2)⊕
⊕
J,n(J)
odd
sh−nJA/ϕ(Sq3)⊕
⊕
i
sh−niA
of modules over the twisted Steenrod algebra.
In particular, we see that H∗(MSpinK) ∼= Aϕ ⊗A(1) M for the A(1)-module M
given as a direct sum of Z/2’s, jokers and free modules according to the above de-
composition. Since Anderson, Brown and Peterson showedH∗(MSpin) ∼= Aϕ⊗A(1)
M for that very same M .
This explicitly given structure as an extended module over the twisted Steenrod
algebra can be used to get a hand on the second page of a K×HZ/2-based Adams
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spectral sequence. We hope to take advantage of this to approach conjecture 4.3.2
along the lines of Stolz’ arguments in [St 94], which uses the Adams spectral se-
quence as a principal tool.
7. A first glance at the twisted version of Stolz’ transfer.
As described in the introduction our interest in twisted Spin-cobordism groups
arises from their connection to the existence of metrics of positive scalar curvature.
The case of spin manifolds in conjecture 4.3.2 from the first chapter was proven by
Fu¨hring and Stolz. To state their results we need to rephrase the conjecture as the
degree-greater-than-4 case of
ker
(
αˆ : ΩSpin∗ (Bπ;u)→ ko∗(Bπ;u)
)
⊆ ΩSpin∗ (Bπ;u)
+
for every finitely presented group π, and any twist u : Bπ → K, where ΩSpin∗ (−)
+ ⊆
ΩSpin∗ (−) denotes those elements which can be represented by manifolds admitting
positive scalar curvature metrics. In this rather algebraic formulation we can split
up the statement by localising at and inverting 2, respectively and Stolz proved the
2-primary and Fu¨hring the odd-primary part.
We now set out to explain the method Stolz employed and indicate how one might
hope it generalises to include the case of almost spin manifolds. One should also be
able to adapt Fu¨hring’s arguments, but we will not discuss that here as his proof
is by different, far more geometric methods.
Since explicit generators even for the Spin-cobordism ring are hard to come by
(and to our best knowledge still are not entirely known), Stolz’ idea was to consider
total spaces of fibre bundles with fixed fibre F (and indeed fixed structure group
G) over varying base spaces. For appropriately chosen fibre these will always admit
metrics of positive scalar curvature. The entirety of such bundles can generically
be described as the image of the following transfer map
TG,F : Ω∗(X ×BG) −→ Ω∗+dim(F )(X)
[M, (f, g) :M → X ×BG] 7−→ [g∗(EF ), f ◦ p : g∗(EF )→M → X ]
where EF = EG ×G F denotes the universal bundle over BG with fibre F . To
impose decorations like twists and Spin-structures one needs additional assump-
tions on G and F of course. For the problem at hand Stolz chooses F as HP 2 and
G = Isom(HP 2), where the isometry group (which in fact is PSp(3)) is taken with
respect to the Fubini-Study metric on HP 2, which has positive scalar curvature.
He then goes on to show that the vertical tangent bundle of EF → BG admits a
Spin-structure, wherefore the above map makes sense with Spin-decorations. We
will review this in a moment. The 2-primary part of 4.3.2 for spin manifolds now
follows from
Theorem (Stolz 1994). We have
ker
(
α : ΩSpin∗ (X)→ ko∗(X)
)
(2)
⊆ im
(
T : ΩSpin∗−8 (X ×BPSp(3))→ Ω
Spin
∗ (X)
)
(2)
for every space X.
Following some preliminaries Stolz’ proof of this result consists of two main steps.
The preliminiaries are that the transfer map is induced by an explicitly given map
of spectra
MSpin ∧ S8 ∧BG+ −→MSpin
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and that the composition
MSpin ∧ S8 ∧BG+ −→MSpin
α
−→ ko
is nullhomotopic by the Atiyah-Singer index theorem (compare [St 92, Section 1 &
2]). Therefore, one can pick a lift t : MSpin∧S8∧BG+ → hofib(α) of the transfer
map. Stolz then proceeds with the following two results:
Theorem (Proposition 1.3 [St 92]). Any such t induces a injection in mod 2-
cohomology, which splits over A.
Theorem (Proposition 8.3 [St 94]). Any split from the previous theorem is realised
by a map of (2-localised) spectra.
From these two results it follows immediately that t induces a split surjection of
homology theories (localised at 2), which has the desired statement as a corollary.
7.1. The twisted transfer. In this very short section we will sketch the construc-
tion of the twisted transfer map, we refer the reader to the exposition in [St 92]
and the references therein for details and proofs, which work equally well in the
parametrised setting.
Recall that given a smooth manifold bundle p : E → B with compact k-dimensional
fibres there is an associated stable Pontryagin-Thom map Sk ∧ B+ → M(−Tvp)
for some choice of inverse of the vertical tangent bundle Tvp of p. If this inverse
of the vertical tangent bundle comes equipped with a Spin-structure one obtains
a homotopy class M(−Tvp) → MSpin. Using these two maps we can form the
following composition:
MSpinK∧S
k∧B+ −→MSpinK ∧M(−Tvp) −→MSpinK ∧MSpin −→MSpinK
Interjecting this with the Thom diagonalM(−Tvp)→M(−Tvp)∧E+ produces the
usual integration along the fibres, but we shall not need that here. Just as in the
unparametrised situation the geometric interpretation of the above map is simple
enough: Suppressing the additional bundle data for legibility, it sends a cycle
BO(k)
w
##❋
❋❋
❋❋
❋❋
❋❋
Moo

// X
ζ~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
K
together with a map g :M → B to the diamond shaped part in
BO(k) ×BSpin(l)

g∗(E)oo
ww♥♥♥
♥♥♥
♥♥♥
♥♥♥
!!❉
❉❉
❉❉
❉❉
❉

BO(k + l)
w
((PP
PPP
PPP
PPP
PP
M

// X
ζ||②②
②②
②②
②②
②
K
where the map g∗(E) → BO(k) × BSpin(l) is given by g∗(E) → M → BO(k)
in the first coordinate and a classifying map for some destabilisation of −Tvp over
g∗(E) in the second. Note that for some large enough l all such destabilisations
produce the same fibre-homotopy class of maps g∗(E) → BO(k + l), so the class
represented by this cycle does not depend on the choice made. Furthermore, by
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our construction of the BO(i) earlier the diagram still commutes strictly.
We want to apply this to the bundle mentioned in the introduction: Let G =
PSp(3) = Isom(HP 2) and consider EG ×G HP
2 → BG. We obtain our transfer
map
T :MSpinK ∧ S
8 ∧BG+ −→MSpinK
The image of this transfer in ΩSpin∗ (X, ζ) will consist entirely of manifolds admitting
metrics of positive scalar curvature, since they are total spaces of bundles over
compact manifolds, whose fibres HP 2 admit such metrics. Finally, we have the
following evident generalisation:
7.1.1. Proposition. The composition
MSpinK ∧ S
8 ∧BG+
T
−→MSpinK
αˆ
−→ koK
is nullhomotopic.
Proof. Since αˆ is an MSpin-module map, we find the above map equal to
MSpinK∧S
k∧BG+ −→MSpinK∧M(−Tvp) −→MSpinK∧MSpin
αˆ∧α
−→ koK∧ko −→ koK
However, by the Atiyah-Singer index theorem for families the composition Sk ∧
BG+ →M(−Tvp)→MSpin→ ko is null, since it represents the family index of a
bundle with uniformly positive scalar curvature in the fibres, as explained in [St 92,
Section 2]. 
7.2. Splitting the twisted transfer. In order to carry out Stolz’ program for the
twisted case, one needs to show next that the induced map in (co)homology of any
lift of the transfer splits over A. Already here, however, extending Stolz’ results
producing such a split to the twisted situation, is surprisingly subtle, as evidenced
by theorem 7.2.5 below.
7.2.1. Proposition. Any lift tˆ :MSpinK∧BG+ → hofib(αˆ) of the twisted transfer
induces an injection in mod 2-cohomology (and splits over H∗(K)).
Proof. Oberserve that both domain and target are free H∗(K)-modules and the
map is split injective on H∗(K)-indecomposables: First of all H∗(MSpinK) is free
overH∗(K) by [MiMo 65, Proposition 1.7]. It immediately follows that the domain
is free as well. For the codomain, notice first that we have short exact sequences
0 −→ H∗(koK)
αˆ∗
−→ H∗(MSpinK) −→ H
∗(hofib(αˆ)) −→ 0
since αˆ is split injective in cohomology by 5.2.4. Since by [MiMo 65, Proposition
1.7] any system of representatives for the H∗(K) indecomposables forms a basis,
we see that we can actually choose the H∗(K)-basis of H∗(MSpinK) to contain a
H∗(K)-basis of the image of H∗(koK), which gives the claim.
Alternatively, our description of H∗(MSpinK) in terms of A, A/(ϕ(Sq
1), ϕ(Sq2))
and A/ϕ(Sq3) is compatible with αˆ by construction. Since all three building blocks
are obviously free on the appropriate Steenrod operations the claim follows.
Finally modding out theH∗(K)-decomposables in the situation of the twisted trans-
fer map exactly produces the untwisted situation, in which Stolz has shown the
transfer to be split injective (over A). Calling a such a split s, we arrive at the
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following diagram
H∗(hofib(αˆ))

tˆ∗ // H∗−8(MSpinK ∧BG+)

H∗(hofib(α))
DD
✷
✤
☞
t∗ // H∗−8(MSpin ∧BG+)
s
kk ❢❜❴❭❳
ZZ
☞
✤
✷
where the upwards arrows just denote Z/2-splits of the downwards maps. Mapping
now the image of the split on the right using the other two splits and then extending
H∗(K)-linearly, which is possible because of the freeness, we produce a map sˆ :
H∗−8(MSpinK ∧BG+) −→ H
∗(hofib(αˆ)), such that sˆ ◦ tˆ∗ induces the identity on
indecomposables and therefore is an isomorphism. The map (sˆ ◦ tˆ∗)−1 ◦ sˆ now is a
split of tˆ∗. 
7.2.2. Remark. If one chose the vertical splits in the above square diagram to
be A-linear, the split sˆ constructed would be A-linear. This is, however, clearly
impossible since for example Sq1 acts trivially on the unique nontrivial class in
H8(hofib(α)) but nontrivially on the unique nonzero class in H8(hofib(αˆ)).
To see that the situation in the twisted context, however, behaves somewhat
differently from the untwisted one let us recall how Stolz produced a split of the
untwisted transfer map in [St 92]. He used the observation of Pengelley that there
exists a certain split r of α∗ : H∗(ko)→ H∗(MSpin), which is a map of coalgebras.
This r makes it possible to define the H∗(ko)-primitives H∗(X) in the cohomology
of any MSpin-module spectrum X . These primitives form an A(1)-submodule of
H∗(X) and Stolz showed the following structural statement.
Proposition (Corollary 5.5 [St 92]). For any MSpin-module spectrum X with
cohomology bounded below and degreewise finite the obvious map
H∗(X)←− A⊗A(1) H∗(X)
is an isomorphism, that is natural in MSpin-module maps.
In order to split the transfer it therefore suffices to split its induced map on
H∗(ko)-primitives A(1)-linearly, which Stolz does by direct computation, using the
fact that H∗(MSpin) ∼= M , which in turn he seems to derive from the Anderson-
Brown-Peterson splitting (see, however, 7.2.6 for a discussion of this).
One can now hope that one might use some form of H∗(koK)-primitives in the
general situation, reducing the splitting of the transfer to the very same A(1)-
modules Stolz considered. This hope, however, is in vain, as we shall explain next.
We saw in remark 3.3.9 that H∗(MSpinK) and similarly H∗(koK) carry multi-
plicative structures, agreeing with that of H∗(MO) in the former case. Dualising
our cohomological calculations from above one can perform some low-dimensional
calculations and find:
7.2.3. Proposition (Proposition I.6.4.1 [He 14]). The homology of koK contains
an element 0 6= y ∈ H2(koK) with y
4 = 0. In particular, there can be no surjective
homomorphism H∗(MSpinK)→ H
∗(koK) of coalgebras.
Sketch of proof. This is a straight forward computation using that the (reduction
of the) Postnikov-section koK → K ×HZ/2 induces an injection in homology.
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The implication that there can be no coalgebra-split of the twisted Atiyah-Bott-
Shapiro orientation H∗(koK)→ H
∗(MSpinK) can in fact also be inferred from the
next proposition, since its existence would allow a generalisation of Stolz’ proposi-
tion above contradicting 7.2.5. 
One therefore has to make do with theH∗(ko)-primitives, which for a parametrised
MSpin-module spectrum X form an A(1)-submodule of H∗(X). With the same
consideration as in 7.2.1 it is easy to see, that the transfer still splits overH∗(K) on
the module of primitives and it is also readily seen that both domain and codomain
are free over A(1). Since free A(1)-modules are injective we find:
7.2.4. Proposition. The induced map
H∗(hofib(αˆ))
tˆ∗
−→ H∗−8(MSpinK ∧BG+)
splits separately over both A(1) and H∗(K).
With these considerations in place it seems natural to return to the square from
the proof of 7.2.1, and take H∗(ko)-primitives everywhere to try and produce a
simultaneous split over both algebras:
H∗(hofib(αˆ))

tˆ∗ // H∗−8(MSpinK ∧BG+)

H∗(hofib(α))
DD
✶
✤
✌
t∗ // H∗−8(MSpin ∧BG+)
s
kk ❢❜❴❭❳
ZZ
✌
✤
✶
where a comparison of the Poincare´-series reveals that the downward maps are
again isomorphisms after passing to H∗(K)-indecomposables in the upper row. In
the proof of 7.2.1 we only used that the upwards maps can (of course) be chosen
Z/2-linear and arguing similarly to remark 7.2.2 we see that the transfer would split
over A if they could be chosen A(1)-linear (which of course they cannot). It seems,
however, a reasonable guess that they may be chosen ϕ-linear, i.e. f(a · m) =
ϕ(a) · f(m), (which would still yield an A-linear split of the transfer!) for the
following reason: From Stolz’ result above we see
H∗(MSpinK) ∼= A⊗A(1) H∗(MSpinK)
whereas our generalisation of the Anderson-Brown-Peterson directly yields
H∗(MSpinK) ∼= Aϕ ⊗A(1) M
∼= A⊗A(1)
[
A(1)
ϕ
⊗A(1) M
]
whereM denotes the Anderson-Brown-Peterson-module (i.e. a certain direct sum of
Z/2’s, jokers and a freeA(1)-module) and similarly for the derivatives ofH∗(MSpinK)
that occur in the analysis of the transfer. This strongly suggests
A(1)
ϕ
⊗A(1) M ∼= H∗(MSpinK)
and the left hand side in particular admits a ϕ-linear split of the projection to its
H∗(K)-indecomposables. Indeed, ϕ-linear splits of the projection
H∗(MSpinK)→ H∗(MSpin)
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are easily seen to be in one-to-one correspondence with isomorphisms as just pre-
dicted. But alas, this hope is dashed by the following very surprising result:
7.2.5. Theorem (Theorem II.4.2.1 [He 14]). It is not true that
A(1)
ϕ
⊗A(1) M ∼= H∗(MSpinK)
as A(1)-modules.
Sketch of proof. After switching to homology and applying the inverse of the Thom
isomorphism the statement turns out to be equivalent to
H∗(BSpin)→ H∗(BO)
being the inclusion of a direct summand of (right) modules over A(1) (the over-
line here indicates H∗(ko)-indecomposables). However, the induced map on A(1)-
indecomposables fails to be injective in degree 16. In the notation of [He 14, St 94]
(originating from [GiPeRa 88]), the element x82 is indecomposable on the left, but
becomes decomposable on the right, since Sq2(x18) = x
8
2. A more complicated
argument is given in loc. cit. proving the slightly stronger statement that there is
not even an A(1)-isomorphism of the A(1)-modules in question. 
7.2.6. Remark. With the above theorem in mind, one may wonder how Stolz
derives the isomorphism H∗(MSpin) ∼= M from the Anderson-Brown-Peterson-
splitting in his case. The latter is stated in [St 92, Corollary 6.4] without proof,
but in fact the result does not directly follow from the context. However, in contrast
to the twisted situation, there are various ad hoc solutions to this problem, e.g. see
[He 14, Section 3.1].
One may now wonder what these negative results leave one with. In forthcoming
work we will demonstrate that from the isomorphisms
A⊗A(1) H∗(MSpinK) ∼= H
∗(MSpinK) ∼= A⊗A(1)
[
A(1)
ϕ
⊗A(1) M
]
one can construct a filtration onH∗(MSpinK) ofA(1)-coalgebras, whose associated
graded is isomorphic to A(1)
ϕ
⊗A(1) M and compatible with the map induced by
the transfer. Therefore the strategy indicated above leads to a A(1)-linear split s
of the induced transfer on the associated graded modules, i.e.
E
(
H∗(hofib(αˆ))
) E(tˆ∗) // E(H∗−8(MSpinK ∧BG+))
s
xx
Associated to this filtration is a spectral sequence, which determines whether such
an s can be descended to a map on the actual modules. The analysis of that
spectral sequence and then of the parametrised Adams spectral sequence, which
controls whether a split in homology comes from a map of the underlying spectra
is ongoing work of the first author and Stephan Stolz. All in all we therefore hope
to return to the analysis of the twisted HP 2-transfer map in future work.
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8. Appendix I: A calculation from section 5.2
We here finish the purely calculational proofs of lemmata 6.1.5 and 6.1.6. The
former of which reads as follows:
Lemma (6.1.5). The stipulation
Sq1 7−→ 1⊗ Sq1 + ι1 ⊗ 1
Sq2 7−→ 1⊗ Sq2 + ι1 ⊗ Sq
1 + ι21 ⊗ 1 + ι2 ⊗ 1
specifies a unique morphism of Hopf algebras ϕ : A(1) −→ A.
Proof. As mentioned in 6.1.5 the following two identities
ϕ(Sq1)2 = 0
ϕ(Sq2)2 = ϕ(Sq1)ϕ(Sq2)ϕ(Sq1)
will show both multiplicativity of ϕ and that it is even well defined. Here goes:
ϕ(Sq1)2 = (1 ⊗ Sq1 + ι1 ⊗ 1)
2
= (1 ⊗ Sq1)2 + (1⊗ Sq1)(ι1 ⊗ 1) + (ι1 ⊗ 1)(1⊗ Sq
1) + (ι1 ⊗ 1)
2
= 1⊗ (Sq1)2︸ ︷︷ ︸
=0
+
[
Sq1(ι1)⊗ 1︸ ︷︷ ︸
=ι21⊗1
+ι1 ⊗ Sq
1
]
+ ι1 ⊗ Sq
1 + ι21 ⊗ 1
= 0
ϕ(Sq2)ϕ(Sq2)
= (1⊗ Sq2 + ι1 ⊗ Sq
1 + ι21 ⊗ 1 + ι2 ⊗ 1)(1⊗ Sq
2 + ι1 ⊗ Sq
1 + ι21 ⊗ 1 + ι2 ⊗ 1)
= (1⊗ Sq2)2 + (ι1 ⊗ Sq
1)(1 ⊗ Sq2) + (ι21 ⊗ 1)(1⊗ Sq
2) + (ι2 ⊗ 1)(1⊗ Sq
2)
+ (1⊗ Sq2)(ι1 ⊗ Sq
1) + (ι1 ⊗ Sq
1)2 + (ι21 ⊗ 1)(ι1 ⊗ Sq
1) + (ι2 ⊗ 1)(ι1 ⊗ Sq
1)
+ (1⊗ Sq2)(ι21 ⊗ 1) + (ι1 ⊗ Sq
1)(ι21 ⊗ 1) + (ι
2
1 ⊗ 1)
2 + (ι2 ⊗ 1)(ι
2
1 ⊗ 1)
+ (1⊗ Sq2)(ι2 ⊗ 1) + (ι1 ⊗ Sq
1)(ι2 ⊗ 1) + (ι
2
1 ⊗ 1)(ι2 ⊗ 1) + (ι2 ⊗ 1)
2
= 1⊗ (Sq2)2︸ ︷︷ ︸
=1⊗Sq3Sq1
+ ι1 ⊗ Sq
1Sq2︸ ︷︷ ︸
=ι1⊗Sq3
+✘✘✘
✘
ι21 ⊗ Sq
2 +✘✘
✘✘ι2 ⊗ Sq
2 +
[
Sq2(ι1)⊗ Sq
1︸ ︷︷ ︸
=0
+ Sq1(ι1)⊗ (Sq
1)2︸ ︷︷ ︸
=0
+ι1 ⊗ Sq
2Sq1
]
+
[
ι1Sq
1(ι1)⊗ Sq
1︸ ︷︷ ︸
=ι31⊗Sq
1
+ ι21 ⊗ (Sq
1)2︸ ︷︷ ︸
=0
]
+✘✘
✘✘ι31 ⊗ Sq
1 +✘✘✘
✘✘
ι2ι1 ⊗ Sq
1 +
[
Sq2(ι21)⊗ 1︸ ︷︷ ︸
=✟
✟ι41⊗1
+Sq1(ι21)⊗ Sq
1︸ ︷︷ ︸
=0
+✘✘
✘✘ι21 ⊗ Sq
2
]
+
[
ι1Sq
1(ι21)⊗ 1︸ ︷︷ ︸
=0
+✘✘
✘✘ι31 ⊗ Sq
1
]
+
✟
✟
✟ι41 ⊗ 1 +✘✘
✘✘ι2ι
2
1 ⊗ 1 +
[
Sq2(ι2)⊗ 1︸ ︷︷ ︸
=✟
✟ι22⊗1
+ Sq1(ι2)⊗ Sq
1 +✘✘✘
✘
ι2 ⊗ Sq
2
]
+
[
ι1Sq
1(ι2)⊗ 1 +✘✘✘
✘✘
ι1ι2 ⊗ Sq
1
]
+✘✘✘
✘ι21ι2 ⊗ 1
+
✟
✟
✟ι22 ⊗ 1
= 1⊗ Sq3Sq1 + ι1 ⊗ Sq
3 + ι1 ⊗ Sq
2Sq1 + ι31 ⊗ Sq
1 + Sq1(ι2)⊗ Sq
1
+ ι1Sq
1(ι2)⊗ 1
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ϕ(Sq1)ϕ(Sq2)ϕ(Sq1)
= (1⊗ Sq1 + ι1 ⊗ 1)(1⊗ Sq
2 + ι1 ⊗ Sq
1 + ι21 ⊗ 1 + ι2 ⊗ 1)(1⊗ Sq
1 + ι1 ⊗ 1)
=
(
(1⊗ Sq1)(1 ⊗ Sq2) + (1 ⊗ Sq1)(ι1 ⊗ Sq
1) + (1⊗ Sq1)(ι21 ⊗ 1)
+ (1⊗ Sq1)(ι2 ⊗ 1) + (ι1 ⊗ 1)(1⊗ Sq
2) + (ι1 ⊗ 1)(ι1 ⊗ Sq
1)
+ (ι1 ⊗ 1)(ι
2
1 ⊗ 1) + (ι1 ⊗ 1)(ι2 ⊗ 1)
)
(1 ⊗ Sq1 + ι1 ⊗ 1)
=
(
1⊗ Sq1Sq2 +
[
Sq1(ι1)⊗ Sq
1︸ ︷︷ ︸
=✘✘
✘ι21⊗Sq
1
+ ι1 ⊗ (Sq
1)2︸ ︷︷ ︸
=0
]
+
[
Sq1(ι21)⊗ 1︸ ︷︷ ︸
=0
+ ✘✘
✘✘ι21 ⊗ Sq
1
]
+
[
Sq1(ι2)⊗ 1 + ι2 ⊗ Sq
1
]
+ ι1 ⊗ Sq
2 + ι21 ⊗ Sq
1
+ ι31 ⊗ 1 + ι1ι2 ⊗ 1
)
(1⊗ Sq1 + ι1 ⊗ 1)
= (1⊗ Sq1Sq2)(1 ⊗ Sq1) + (Sq1(ι2)⊗ 1)(1⊗ Sq
1) + (ι2 ⊗ Sq
1)(1⊗ Sq1)
+ (ι1 ⊗ Sq
2)(1 ⊗ Sq1) + (ι21 ⊗ Sq
1)(1⊗ Sq1) + (ι31 ⊗ 1)(1⊗ Sq
1)
+ (ι1ι2 ⊗ 1)(1⊗ Sq
1) + (1⊗ Sq1Sq2)(ι1 ⊗ 1) + (Sq
1(ι2)⊗ 1)(ι1 ⊗ 1)
+ (ι2 ⊗ Sq
1)(ι1 ⊗ 1) + (ι1 ⊗ Sq
2)(ι1 ⊗ 1) + (ι
2
1 ⊗ Sq
1)(ι1 ⊗ 1)
+ (ι31 ⊗ 1)(ι1 ⊗ 1) + (ι1ι2 ⊗ 1)(ι1 ⊗ 1)
= 1⊗ Sq1Sq2Sq1︸ ︷︷ ︸
=1⊗Sq3Sq1
+Sq1(ι2)⊗ Sq
1 + ι2 ⊗ (Sq
1)2︸ ︷︷ ︸
=0
+ ι1 ⊗ Sq
2Sq1 + ι21 ⊗ (Sq
1)2︸ ︷︷ ︸
=0
+ ι31 ⊗ Sq
1 +✘✘✘
✘✘
ι1ι2 ⊗ Sq
1 +
[
Sq1Sq2(ι1)⊗ 1︸ ︷︷ ︸
=0
+Sq1(ι1)⊗ Sq
2︸ ︷︷ ︸
✘✘
✘ι21⊗Sq
2
+Sq2(ι1)⊗ Sq
1︸ ︷︷ ︸
=0
+ ι1 ⊗ Sq
1Sq2︸ ︷︷ ︸
ι1⊗Sq3
]
+ Sq1(ι2)ι1 ⊗ 1 +
[
ι2Sq
1(ι1)⊗ 1︸ ︷︷ ︸
✘✘
✘ι21ι2⊗1
+✘✘✘
✘✘
ι2ι1 ⊗ Sq
1
]
+
[
ι1Sq
2(ι1)⊗ 1︸ ︷︷ ︸
=0
+ ι1Sq
1(ι1)⊗ Sq
1︸ ︷︷ ︸
✘✘
✘ι31⊗Sq
1
+✘✘✘
✘
ι21 ⊗ Sq
2
]
+
[
ι21Sq
1(ι1)⊗ 1︸ ︷︷ ︸
✟
✟ι41⊗1
+✘✘✘
✘
ι31 ⊗ Sq
1
]
+
✟
✟
✟ι41 ⊗ 1 +✘✘
✘✘ι21ι2 ⊗ 1
= 1⊗ Sq3Sq1 + Sq1(ι2)⊗ Sq
1 + ι1 ⊗ Sq
2Sq1 + ι31 ⊗ Sq
1 + ι1 ⊗ Sq
3
+ ι1Sq
1(ι2)⊗ 1
These two outcomes obviously agree. For the comultiplicativity recall that the
inclusion maps induce a coalgebra isomorphism H∗(K) ⊗ A → A. The coalgebra
structure of H∗(K) is of course determined by 3.3.2:
∆(ι1) = ι1 ⊗ 1 + 1⊗ ι1
∆(ι2) = ι2 ⊗ 1 + ι1 ⊗ ι1 + 1⊗ ι2
With these data it is trivial to verify ϕ(∆(Sq1,2)) = ∆(ϕ(Sq1,2)). By multiplica-
tivity of ϕ and the coproducts we are done. 
Lemma (6.1.6). Extending ϕ by the identity on H∗(K) produces a Hopf algebra
automorphism of A(1).
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Proof. Putting ϕ(k⊗α) = (k⊗ 1)ϕ(α) just leaves the verificaton of the multiplica-
tivity. To this end calculate
ϕ(k ⊗ α)ϕ(l ⊗ β) = (k ⊗ 1)ϕ(α)(l ⊗ 1)ϕ(β)
ϕ((k ⊗ α)(l ⊗ β)) =
∑
ϕ(k · α′(l)⊗ α′′ ◦ β)
=
∑
(kα′(l)⊗ 1)ϕ(α′′ ◦ β)
=
∑
(k ⊗ 1)(α′(l)⊗ 1)ϕ(α′′)ϕ(β)
Note that we will be done if ϕ(α)(l ⊗ 1) =
∑
(α′(l) ⊗ 1)ϕ(α′′) for all α ∈ A, l ∈
H∗(K). To this end observe that the statement propagates under multiplying α’s
and then calculate once more:
ϕ(Sq1)(l ⊗ 1) = (ι1 ⊗ 1 + 1⊗ Sq
1)(l ⊗ 1)
= (ι1l ⊗ 1) + (Sq
1(l)⊗ 1) + (l ⊗ Sq1)
= (Sq1(l)⊗ 1) + (l ⊗ 1)(ι1 ⊗ 1 + 1⊗ Sq
1)
ϕ(Sq2)(l ⊗ 1) = (ι2 ⊗ 1 + ι
2
1 ⊗ 1 + ι1 ⊗ Sq
1 + 1⊗ Sq2)(l ⊗ 1)
= ι2l ⊗ 1 + ι
2
1 ⊗ 1 + ι1Sq
1(l)⊗ 1 + ι1l ⊗ Sq
1 + Sq2(l)⊗ 1
+Sq1(l)⊗ Sq1 + l ⊗ Sq2
= (Sq2(l)⊗ 1) + (Sq1(l)⊗ 1)(ι1 ⊗ Sq
1)
+(l ⊗ 1)(ι2 ⊗ 1 + ι
2
1 ⊗ 1 + ι1 ⊗ Sq
1 + 1⊗ Sq2)
Of course this entire calculation is nothing but the verification of compatibility of ϕ
and idH∗(K) in the universal property of a semidirect product of Hopf algebras. 
9. Appendix II: A comparison to homotopical models of twisted
K-theory
Let us finally explain the comparison of our construction of twists for MSpin
andKO with the one arising in the infinity-categorical setting of [AnBlGeHoRe 09].
Such a comparison was first attempted by Antieau, Gepner and Gomez in [AnGeGo 14]
for the simply connected, complex case by understanding the entire space of E∞
maps K(Z, 3) −→ BGl1(KO). However, their proof that a geometric construc-
tion indeed produces such an E∞-map, however, contains a mistake as we will
explain at the end of this section. Our proof proceeds quite differently from theirs.
To keep the exposition brief we will assume familiarity with both the methods of
[AnBlGeHoRe 09] and the technology of I-spaces.
To obtain twisted homology theories by homotopical methods, one starts with
an E∞ ring spectrum R, and forms the universal R-line bundle over BGL1(R)
or even more generally Pic(R), of which BGL1(R) is the unit component; here
GL1(R) denotes the (derived of course) space of R-linear self equivalences of R.
This universal bundle can now be pulled back along maps K → BGL1(R) to more
manageable spaces. In the case of the cobordism spectrum Mθ of an E∞ map
θ : B → BO (or more generally BG, the classifying space of spherical fibrations)
the following construction suggests itself (we learned of it from M. Ando): Letting
Fθ denote homotopy fibre of θ over the unit in BO, one obtains E∞ maps
Σ∞+ Fθ →Mθ →MO
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by applying Thom spectra. The first map in this sequence adjoins to a map Fθ →
Gl1(Mθ) which may be delooped to yield
BFθ → BGL1(Mθ)
In the case of Spin cobordism, i.e. B = BSpin and θ the canonical projection, this
yields F = O/Spin = O[1] and from BF = BO[2] we obtain a map
BO[2]→ BGl1(MSpin)
On the other hand the action of PO(ℓ2) on the ‘free rank 1MSpin-module’MSpin′
yields a (derived) map PO(ℓ2)→ Gl1(MSpin) which deloops to a map
BPO(ℓ2)→ BGl1(MSpin)
and similarly we obtain
BPO(ℓ2)→ BGl1(KO)
We will also directly show that these maps are homotopy equivalent to an E∞-
maps. Thus the complex version of our constructions fits into the frame work of
[AnGeGo 14]. We do, however, provide a more direct route to the comparison,
which also works in the real case and considers the entire space BO[2] and not just
the connective cover. More precisely, we showed in the proof of lemma 3.3.2 that
the maps j produce an equivalence BO[2]→ BPO(ℓ2) and we claim:
Theorem. The diagram
BO[2] //
j

BGl1(MSpin)
α∗

BPO(ℓ2)
77♦♦♦♦♦♦♦♦♦♦♦
// BGl1(KO)
containing the two constructions from the introduction is homotopy commutative.
Here the composition of the top horizontal and right vertical map are the usual
way of constructing twists of KO-theory homotopically, whereas the lower horizon-
tal map is the usual way of doing so geometrically.
Using j the stages of the sequence F (n)→ BSpin(n)→ BO(n)→ are modelled
by
POn → POn/O(n)→ EPOn/O(n)
and we will use the technology of I-spaces developed by Sagave and Schlichtkrull
[SaSe 12] to obtain the result: To this end recall the construction of Gl1(R)• due
to Schlichkrull: Gl1(R)• is the sub-I-space of
Ω∞(R)• : k 7−→ Ω
kRk
consisting of those components mapping to units in π0(R). We also immediately
note that the spaces POn naturally form an I-group. In fact using the structure
maps introduced in sections 3.2 and 3.3 they form an Eckman-Hilton-I-group as
defined by Dardalat and Pennig in [DaPe 15], i.e. a (commutative) monoid un-
der the convolution (or ⊠-product) in I-groups. They show that an action of an
Eckmann-Hilton-I-group G• on a ring spectrum R gives rise to a map of commu-
tative I-space-monoids G• → Gl1(R)• (that is monoids in spaces under the very
same convolution). Such an action consists of maps
Gn ×Rn −→ Rn
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satisfying certain axioms which we recall and slightly generalise below. The map is
then given by
g 7−→
(
s 7−→ g · un(s)
)
where u : Sn → Rn is part of the unit of R. In our case the left multiplication of
POn on MSpinn yields a map
PO• −→ Gl1(MSpin)•
Recall also that an I-space has a realisation (i.e. its homotopy colimit), and the
arising functor is lax monoidal (though not symmetrically so) with respect to convo-
lution in I-spaces and the cartesian product in spaces. We claim that the realisation
of the map PO• −→ Gl1(MSpin)• models the map
FSpin −→ Gl1(MSpin)
of E∞-spaces from above. This makes sense as realisations of commutative I-space-
monoids carry canonical E∞ as explained by Sagave and Schlichkrull. For a proof,
simply note that the vector bundle map covering POn → POn/O(n) identifies with
the projection
POn × R
n → POn ×O(n) R
n
and thus its Thomification (POn)+ ∧ S
n →MSpinn adjoins to the map
POn −→ Ω
nMSpinn, p 7−→
(
s 7−→ [p, s]
)
which clearly equals the one of Dardalat and Pennig.
We proceed to compare it to the (derived) map PO(ℓ2) −→ Gl1(MSpin) con-
structed in the main body of the text, in particular providing an E∞-structure on
the latter.
Just as the groups POn form an I-group, so do the PO
′
n. They do not, however,
carry the requisite multiplications that make up an Eckmann-Hilton-I-group. Nev-
ertheless, they, like every I-group, carry the structure of a I-space-monoid via the
product
PO′n × PO
′
m −→ PO
′
n+m × PO
′
n+m −→ PO
′
n+m
Abstractly, this structure arises as follows: An I-group is nothing but an I-space
together with a monoid structure with respect to the levelwise cartesian product,
whereas a I-space-monoid is one with respect to the convolution of I-spaces. These
two symmetric monoidal structures are related by a tautological lax symmetric
monoidal transformation
−⊠− −→ −×−
For an Eckmann-Hilton-I-group it is readily checked that the I-space-monoid struc-
ture induced from its I-group structure recovers the one given by the I-group-
monoid structure. In fact, Eckmann-Hilton-I-groups are precisely those I-groups
whose associated I-space-monoid is commutative, in particular no extra structure
needs to be specified (which makes some of the axioms in [DaPe 15] redundant).
Proof. To obtain a proof of the theorem from the considerations so far we shall
momentarily construct a (functorial) fibrant replacement ωMSpin′ of the spectrum
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MSpin′ and a commutative diagram
PO(ℓ2)

≃ // |PO′•|

|PO•|

≃oo
AutMSpin(MSpin
′) // hAutωMSpin(ωMSpin′) |Gl1(MSpin)•|
≃oo
of monoids and groups. The right hand side vertical models the upper horizontal
map of the theorem by the preceeding discussion and the left hand side is the
diagonal one. Its analogue in K-theory together with the fact that the maps α and
α′ we constructed are PO•- or PO
′
•-equivariant, respectively. 
For any R-module M one constructs the fibrant replacement ωM as follows: Its
nth space ωnM is the realisation of the I-space Ω
∞(shnM)•, which in turn is given
by
k 7−→ ΩkMk+n
This I-space retains a Σn-action through the last coordinates (sh
nM is a Σn-
spectrum after all) and thus ωnM is indeed a Σn-space. The R-module structure
(and thus the suspension maps) are given by realising the map
Rk ∧ (ωnM)l −→ (ωk+nM)l
given by by mapping r ∈ Rk, g : S
l →Ml+n to
Sl −→Ml+n
r·
−→Mk+l+n −→Ml+k+n
where the last map is induced by the obvious block permutation. The ring structure
on R induces pairings ωkR⊠ωlR→ ωk+lR, which in turn give ωR a ring structure
(though even if R was commutative, ωR is not). Similarly, ωM becomes a module
over ωR; in formulas this action is given via
(ωmR)k × (ωnM)l −→ (ωm+nM)k+l
sending
f : Sk −→ Rk+m, g : S
l −→Ml+n
to
Sk+l ∼= Sk ∧ Sl
f∧g
−→ Rk+m ∧Ml+n −→Mk+l+m+n
Restricting this action to Gl1(R)• sitting inside (ω0R)• produces an action of
|Gl1(R)•| on ωM by homotopy equivalences.
Analogously, suppose an action of an I-group G′ and Σn-equivariant, base point
preserving actions G′n ×Mn →Mn, such that the diagram
G′n ×Rk ×Mn
//

Rk ∧Mn

G′k+n ×Mk+n
// Mk+n
commutes, where the map G′n → G
′
k+n is induced by the inclusion into the last n
coordinates as the notation suggests. From this we can produce maps G′•⊠ωkM →
ωkM via
G′n × (ωkM)l −→ (ωkM)n+l
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sending g, f : Sl →Ml+k to
Sn+l ∼= Sn ∧ Sl
id∧f
−→ Sn ∧Ml+k −→Mn+l+k
·ι(g)
−→Mn+l+k
where ι is induced by the inclusion into the first n coordinates. This yields an
associative action of the I-space-monoid associated to the I-group G′ on ωkM and
thus homomorphisms |G′•| → End(ωkM), that are readily checked to fit together
into a map |G′•| → EndωR(ωM). Finally let us recall and slightly generalise the
work of Dardalat-Pennig. Their constructions work for an arbitrary I-group and
not just an Eckmann-Hilton-I-group. To carry them out we relax their condition
as follows: An Eckmann-Hilton action of an I-group on an R-module M consists
of basepoint preserving actions Gn × Rn → Rn and Gn × Mn → Mn that are
Σn-equivariant and make
Gm ×Rm ×Gn ×Mn //

Rm ∧Mn

Gm+n ×Mm+n // Mm+n
commute. Restricting the third factor to the neutral element shows such actions to
also satisfy our axioms for I-group acting on an R-module M .
Suppose now we are given an Eckmann-Hilton action of an I-group G• on a
ring R (i.e. on the R-module R) and an action of G• on an R-module M . We
then obtain two maps |G•| −→ EndωR(ωM), one via the Pennig-Dardalat map
G• → Gl1(R)• (which in fact exists in this generality) and its action on ωM and
one directly from the second action. It is easily checked that these two maps agree
if the two action of G• combine into an Eckmann-Hilton action on the R-module
M .
We now have all the ingredients for the right hand side of the diagram above:
First, the action of PO• on MSpin is an Eckmann-Hilton action, which gives
the right vertical arrow. Secondly, the I-group PO′• acts on the MSpin-module
MSpin′ giving the vertical map in the middle. The other two maps of the square
are given by the general properties of ω discussed above. Now, PO• includes into
PO′• and thus we obtain an action of PO• onMSpin
′ by restriction. Together with
its action on MSpin this gives an Eckmann-Hilton action of PO• on the MSpin-
module MSpin′. All asserted coherences are straight forward calculations and we
leave them to the reader.
The left hand side is even easier: We can form the constant I-group with value
PO(ℓ2). The group PO(ℓ2) includes into it realisation
|constIPO(ℓ
2)| = BI × PO(ℓ2)
which in turn includes into that of PO′• via a monoid homomorphism. The lower
horizontal map again comes from the obvious functoriality of ω and the diagram
clearly commutes. This finishes the verifications.
As mentioned in the main text this result (or rather its simply connected complex
analogue) is also claimed in the work of Antieau, Gepner and Gomez who show that
the space of E∞-maps K(Z/2, 2)→ BGl1(KO) has contractible path-components
enumerated by the integers. Given a geometric construction of such a map it
is therefore easy to check whether it agrees with the standard homotopical one.
They give a construction of one such example in their appendix, however, a closer
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look at it shows a problem: The action of PO(ℓ2) they describe on each space
of the spectrum they are using to model K-theory does not actually commute
with the suspension maps. Therefore there seems no clear way to obtain a map
BPO(ℓ2)→ BGL1(KO) from their results.
A modification of their spectrum along the lines of our modification KO′ of
KO can certainly be used to produce a map as desired. However, it will not be
immediate that such a map admits an E∞ refinement, something we obtain from
our use of I-space-monoids only. We hope to return to this point in the future, as
it should form the basis for a better understanding of multiplicative structures on
parametrised spectra. In total the discussion above is both more general in that it
includes the twists from K(Z/2, 1) and gives a conceptual and not computational
proof that the two ways of twisting K-theory agree.
10. Appendix III: A proof of the cobordism invariance theorem
Theorem 2.1.1 is a direct consequence of the following result and the surgery
theorem of Gromov and Lawson:
Proposition. Let n ≥ 5 and M be a smooth, closed n-manifold with a ξ-structure
such that the underlying map M → B is a k-equivalence where k < n2 . Let further-
more N be another n-dimensional, closed ξ-manifold that is ξ-bordant to M . Then
M arises from N by a sequence of surgeries of codimension > k.
As mentioned in the main text, this statement can be found in various places in
the literature, yet there seems to be no full proof of it. The Spin case is explicitely
proved in [Ro 83] and we closely follow its strategy. The proof in [Kr 99] contains
a gap as we explain in the remark below.
Proof. One can first perform surgery on the interior of a given cobordism W to
make the map W → B into a k-equivalence W ′ → B as explained for example in
[Lu¨ 02, Theorem 3.61] or Wall [Wa 99, Chapter 1]; the assumption that the target
be a finite complex with Poincare´ duality may be relaxed to it being of type Fk, i.e.
admitting a k-equivalence from a finite complex: This still implies the necessary
finiteness of the relevant relative homotopy groups by the Hurewicz theorem and
Poincare´ duality is not used at all below the middle dimension.
To proceed pick a finite generating system of πk(W
′,M) (this is again possible by
Hurewicz’ theorem). The map πk(W
′)→ πk(W
′,M) is surjective as by construction
of W ′ the inclusion M →W ′ induces an isomorphism on the first k − 1 homotopy
groups.
· · · // πk(M) //
$$ $$❏
❏❏
❏❏
❏❏
❏❏
πk(W
′)

// // πk(W ′,M)
πk(B)
We now claim that lifts of the generators of πk(W
′,M) can be chosen in the kernel
of πk(W )→ πk(B), whence they have trivial stable normal bundle and thus trivial
normal bundle since k < n/2. Indeed for an arbitrary lift the failure to lie in the
kernel can be corrected by an element in πk(M) by assumption on M .
The cobordism W ′′ arising from this surgery now has M → W ′′ a k-equivalence
and Smale’s theorem yields the claim. 
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Remark. Kreck’s proof of our corollary 2.1.1, which corresponds to [Kr 99, Theo-
rem 1], as mentioned, is not quite correct. In the proof it is claimed that the map
W → B above can be surgered into a k + 1 = 3 equivalence by an application
of [Kr 99, Proposition 4]. This is not true in general and also not implied by the
quoted proposition: For example any spin manifoldM is equipped with a structure
map to BSpin× Bπ1(M) and if it can be surgered into a 3-equivalence it follows
immediately that π1(M) satisfies Serre’s finiteness property F3, namely that there
exists a finite complex admitting a 3-equivalence to its classifying space. However,
any finitely presented group (= F2) can occur as the fundamental group of a com-
pact spin manifold, since for a spin manifold every map M → Bπ gives a map
M → BSpin×Bπ, which may be surgered into a 2-equivalence as explained in the
proof of the above proposition or indeed is implied by [Kr 99, Proposition 4].
An application of [Kr 99, Proposition 4] could indeed replace the first paragraph of
the proof above. We, however, deliberately refrained from citing [Kr 99, Proposi-
tion 4] in the proof of the above proposition, since its proof unfortunately contains
another erroneous assertion about finite generation of certain homotopy groups.
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